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PREFACE

.

.Each fall a. large number Of parentscover that some-
,

thing has happehed to the mathematics courses their children

are studying in school: Homework assignments contain new words

. r,and ideas, and parents often find that they can no longer help

their'chiliren do their arithmetic prdblems.

1

Such a hItuation naturally raises a hbst of question.t"in

the_minds of parent's. 'Most of these have already beenlaswere6

in pqint (,See "The_ Revolution in School Mathematics," National

Council of Teacteers of 1201 - 16th Street, N. W.,
_ .

a

Washington 6,'D. C,), but there are some which defy_ brief expla--

'nation. Two of them are: "What are some of the new ideas, and.

what good are they ?" and "What's different about the new way of

`doing mathematics?" The purpose of this booklet is to provide

'parents With some answers to these questions.

The only way to see what is different about the new way of

doing mathematics is to study some mathematics presented in a .

new way. The only way to understand what one of the new topics

realp.is is to study it. This booklet is therefore a.miniature

textbook for parents and should be used as such.

The two chapters which,follow have been e tracted from a

seventh grade text prepared by the School Mat ematics Study

Group. The first is devoted to a topic which is contained in

many of the new matheMatiss)programs but wh h was not, until

recently, a normal part of.the curriculum. The secondchapter

is an illustration of a new way of treating an old topic,. the

arithmetic of whole numbers.

I. Interspersed throughout these chapters are some remarks,

whiChlare indicated, as here, by a healiy 'darkJine in the margin.

These remarks,originally addressed,to the teacher, are concerned

with both the why and the how. of the student material.



.The nature of mathematics is such that one leaimS very

little by a casual reading.of the pages. It is necessary to

study the text carefully, .read slowly, perhaps take notes, and

above all to work the problems. (Answexs are at the end of the

booklet.) Hundreds of thousands of seventh_ graders have al-

r'ady studied this material with profit and pleasure. We hope

you will enjoy it also.

We
I
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Chapter 1

NUMERATION
a

,0

"Fpr this uAit little background is needed except familiarity

.with the number -symbols and, the basic, operations:with numberst .

The purpose of the unit is-to,deepen ,thepupil's-understanding of

the decimal notation for whole numbers, especially' with regard to

place value, and thus to help hint delve a little deeper:into the

reasops for the procedures, which he already knows, for carrying

but the addition and multiplication operations. One of, the best

ways to, accomplish tahls is to 'consider systems CT number

flotations basesother:than ten. Silee, in .using a new bap,.

the Pupil must necessarily look 'at theseasenefer "Carrying" and
.

the other mechanical procedures in-a peklight,'he should gain .7

deeper insight into the, decimal system. A certain amount of

computation- in.other systems,is necessary to "fix" these ideas,' .

but such computation should not 64,regar,ded aS 4.11,end'in itself.

The decimal sycem is used inmost of thesworld"today bedauee

it is a better 'system than any other nilber syitem we:know of.

Therefore, it is important that you understand-00the system and knot

now to read and write numerals in tr.idYstem.'

Longago.man learned that itwas easieriptp count large v

numberS of objects by grouping. the objects. We use the same-iaea
s

today when we use a dime to represent'a grdup pf ten pennies,.and

a dollar to represent a group of ten dimes. Because we have ten

fingers it is natyr4,1 for us to count by tens .4: We use ten:

symbolsfor our numerals. These symbols, w4,tch are cared digits,

are 1, 2, 3, 4, 5, 6, 7, 8, 9, and 0. The word digit defers to
.

bur fingers and to.these Leh number symbols. With the ten

'symbols we can write a number aslarge ;!..r as small as e

The decimal eystea uses tne idea of place value to represent
,

.

the size of a group. The size of the group representedby

symbol depends upon the position, of the i'ymbol dV digit 1n 'a
numeral. The symbol tells us how many of that, group we have% In

the numera1.123, the "1" represents one group of bne hundred; the

q2" represents two groups of ten, or. twenty; ,and~ the "3'1'4

represents three ones,. or three'.

F'
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Since we group by tens in'the decimal;System, we say its

base is-ten. Because

the left, represents a

The first place tells

of this, each successive,(or next) place to

gr'o'up ten times that of the- preceding place.

us how'many groliQs of one. The secOnd

place tells us,how many groups of ten, or t,en times one (10 x 1).
The third place tells us now many groups of ten times Ipriv

I)
(10 x 10), or one hundred, 'the next, t'en times ten times ten

(10 x 10 x 10), or one tnousand; and so on. By using abase and
1 A

'''- the idea't of place value, it is possible to write ally number in

the decimal system using onlythe'ten basic symbols. Thera is no

limit to the size of numbers wIdon can be represented by the
, 4

decimal system.

To understand,the-meaning of the number resented by a

riumeral'sucr. as 123 we add thIP',nUmbers represented by each symbol.

Thus 1.3 means (1 x ibq)-.+(2 x_lo) +-(3 x 1), or 100 + 20 + 3.

The same number is nepreented by 1.0Q:+ 20 3 and by 1'23. When

we write a numeral such as 123 we are.using number ~symbols, the

idea of place value, ancls base ten.

One advantage of our,. decimal system is tnat It has a symbol

for zero. ZeipO is used to; fill places which would otherwYaesbe
\

gmpty and'mignt lead to mienderstaading. In writing the numeral

for tnree hundred seven, Wewrite'307.. 'Without a symoolXor zero

we'might find it necessary to write 3 -T. Tne meaning of 3 -7 or

3 7 might be confused.' The, origin of the -Idea of zero is un=

certain, but tie Hinders were.usi.ng.a Symbol for zero about

600.A.D., or'possibly earlier.

The clever use of0place Falue and, the symbol for zero makes

the deciMal system one of the most efficient systems in the

world. Pierre Simon emplace (1(-9 182(), a famous FrenCh

mathematician, balled tie decimal sYsZem one of the world's most

useful inventions.
z-"

1:02. Expanded Numerals, and Exponential Notation.

orients are introduced here in a situation. which shoys',

clearly, eir usefulness for concise notation. Furthermore,t4pir

use serves to emphasize the role of tne base and of position. .

.

This role will ue more fully utiliZed in the sections to follow...

[sec. 1-2] 8'
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We say that,the, decimal system of writing' numerals 'I nas a
. i

babe ten. Starting at the units place, each place to the left
---.

has a value ten times as large as the place to its right. The(
.

.

first pix places from the right to the left are shown beloW:4
.,

.

N'

hundred thousand ten thousand thousand hundred ten one,

(10x10x10x10x10)' ..(10X10A0x10) (10x10x10) (10x10) .(lo) (1)

Often we write these values moreqiefly,*by-tsing a small

-- numeral to the-right acid above the 10. This numeral shows now
,

many 10'sre multiplied together. Numbarq that are multiplied

together are called factors. In this way, the values of the

places arewritten and read as follows:
1.

416 x 10x 10 x 10 x,10) 10 5 "ten to the 4"ifth-power"

(10 x 10x 10 x.10). l0' "ten to the fourth power"

(10 ')x 10 x 10s) 103 ."ten to the ti4rd power"

(10 ac 10) 102 "ten, to the becondopower"

(10) 10 "ten to the first Rower"
.1.

(1)" 1 "one"

f

In an expression as 102, the number 10 is. called the base andthe

numar is called the exponent. The exponent tells how many

'times the base is taken as a.factor,in a ISroduct. 102' indicates

(10 x'10) or 100. A number such as 10
2 is called a power of ten,

and in this case it is the second poweror ten. The exponent is

sometimes Omitted for tne first power of ten;...we usually write

10,"intead of 101. All other exponents are always written.

Another way to write (4 x 4 x 4) is 43,' where 4 is the base, and

3 is the exponent.

How can we write the meaning-of "352" with exponents?

352 AP (3 x 10 x 10) -a- (5 x 10) + (2 x 1)

= (3 x 102)1+-(5 x 101) + (2 x
.)

This is called ,expanded .notation. Writing numerals in expanded

notation helps explain the meaning of the whole numeral.

(

[sec. 1 -2j
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1 -3. Numerals in Base Seven;

L*
The purpose Of_teaching systssms1f numeration in-bases other'

than ten is not to produce-facility in caldulatini with such

systems: I study of an unfamiliar system aids ifunderstanding
a familiar one, just as the study of a foreign language. ai1s us

in understanding our own. The decimal system is so familiar that

its structure and the ideas involved -in its algorithms are easily

overlooked. In this section attention is focused on numerals,

rather than on numbers,.

You have known'and used declmal numerals for along time,

'and yoU may think you understand all about them". Some of their

characteristics, however, may have escaped,your notice simply

be..cause thinumerals arejfamiliar to you. In this'section you

will study/a system'of notation with a diffe ent base. This will

increase your understanding of deCimal numera

Suppose we follnd petiple living on Mars with seven fingers.

. Ihstead of counting ,by tens, a Martidn might count-by Sevens.

Let us see how to write.numeraks in'base 'seven notation. This

time-we plan to work with groups of seven.. Lopk ati the xs below

and notice how they are groupedfin sevens with some x's:left'over.

X X
X X

Figure 1-3a
*

Figure 14-Z, '

In Figltre 1-3a, welsee one, group of seven And five more.

... The-numeral is written 15
seven:

In.this nUperal, the 1 shows that
- .- /

there is one group of sever, and the 5 means that there are tive

144!

ones.
'I

, In Figure 1-3b, I-tow may groups of seven are there? How

marry x's are left outside the grdups of seven? The numeral

representing this number of x's is '34
seven

. The 3 Masi& for

three groups of seven, and the 4 representsofour single x's or'-

four ones. The ;'lowered" seven merely shows that we. are working

-in base,.seven.

1(1
-

(sec. 1,3]
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,
Mben Wegjoup in sevens the number of ipUividual objects

_left can only be zero, tale, two, three, four, five, or six.
.

-Symbols are needed-to repreSent those' numbers. Suppose we use

the familiar'0,"1, 2, 3; 4, 5 and 6 for these,-rather than invent

new syMboAls. As yollwill.discover, no other symbols are needed

for the baee seven systeM.

If the x's are marks for days, 'we may think:of 15
seven

as a

way of writing 1 week and five di4s. In our-aecimalsystem we

name this number of days "twelvei-and rite it "12" to show one

'group of ten and two More. We 15 not write tie base name iA our

numerals since we all know what the baseis.
11. -

We should` not uge the name "fifteen" for 15sev because

fifteen id 1 ten and 5 more. We shall simply read 15 as
0

,

-.. .
5seven

-
"one, five, base seven.", *

You know how to count in base ten/ and how to write the

numerals in succession. .Notice that (Drib, two,, three, four, five,'

six,seven, eight, 41d nine are Apresented by single Symbols.

iow is the' base number "ten" represented? -"Nis representation,

m)
.

.

10, ans one grOup of ten and zero more. .

i
. . 1,-

With this idea in mind, think about countingrin base ,seven.

Try. it, yourself and compere with the following table, filling-1A '

the numerals from 21eeven
fo 63

seven
. In,this table the

,

'k

"lowered" seven is omitted. .

:

/
nunting in Base Seven

-Number Symbol Number Symbol

-
one 1 one 114 .

tub -2 t one,,!'ive 15 ' ,

three - 3 one, six ., -16.

four ., .4 - two, zero 20
,five 5 - two, one 21
six 6 ' .

one, zero .10 six, tree 63 .
N.

.one, one ° 11 six fIur 64

one, two 12 six, f ve 65
one, three %13 six, six

I.

66

e

,...-,-Howdid-yem get the numeral following 16severi

I /

(sec. 1-3]
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Yoq probably thought something lrke.this:-

. . .

xx x - . I . v. ,

x is x x X x And x. 4s' file samA a5
,

. . -. ,

S' %.% .
.,

s'

.. - 4 .c
`. 4 .: . fi .41, 't 1 , ,.,

whjch is 2,gropps of seven x's and 0-X11-1ePt.,Over: i
.

. .

. 1
,-

What would the next nUmeral after 66seven
be?. Hei-e you

..
would have 6 sevens and 6 ones plus another one. This equals 6'

.

'sevens and another seven, that is, seven sevens. HoW 76410 we

reprebent (Peven)
2
without using 'a new symbol? Ideantroauoe a

f. 4 - ,2
4

new group, the (seven) group. This number would then be written 1
,, .

100 seven'
What does the rmiber really mean,?' Gm on from this

&

'point and. write a few niore nwnbers. Mhat would be the next'

numeral after 666seven ? i
t

place 'Values in. Base Seven-

fc
1

seven seven seven
3 s ven 2 even one

a .

Notice that each place repents n times the value of'

:.the next place to the right. The firpt place on the right is tie.
..

. -.

one place in both the decimal and the seven systems: \ The value

_of the second place isthe base Mmes one. . In this case what is-
1,, - -,

it?* The . value in the third tflace from "the right_le(se8Ten,x

seven); and in the next place (seven xseven >Z seven).
#,-

. What'is the decimal name for (seven "x seven)? We need:to:
-.e.--

use this (forty-nine) whqn we. change from base seven to base.ten.
,I,

Show that the.decimyl numeral for (seven)3 tis 343. What is the

decimal numeral for (seven)4?
I

.

,

.
:-. .

_

. 1, .

Using the_ abbpd, we see that .

246
seven

= (2 x seven x seven) + (4 x seven) + (64x one),
, #

.. .

, -

.

,

4

(sec.1-3]



TO 'diagram shows the actual groupinrrepresented by the'

digita.and -the ;place -val.ues,/in the numeral 246
s even-

-
I

i
-

,(Cc
X X x x axY (x X X x x

.

x ) Q
I,.

1(x )c x 3c.",-X x-)4I 1:6c.x x x x x x)1. Qc
-'I 1"-

I^(x
x x. x" k x.?Dti 4i (?...t, .x x x x,x ?)t, (x

. .t x x 'x.rx x I If ClennID , (x
s J

Ot x x ?c,.. x x ?)i I

. I

(x i x -x 'x x, ))1..
'
I x x ,x x x x

I
t,.(x x -x x x. x )-() ) . k.(x i x x x x i ..,

,
..-. - -..! 4 Z-... .- - ..-.7. - - -\ r--

. ( 2 x' §evgn x seven) ..'(14 x seven)' (6 >c, one
. .

r .
If we wish to write the -number Of x's. above in the decimal

system of,notation we may,wriVe
.

.
r

. , .
24.6 =,-(2_x 7 x 7.) +' (4 x 7,) + (6 x1)"

se ve

(2 x49) + (4 x 7) '4- (6.x

. ., 98 28 '..+ 6

X X X

x,x

= 132
ten'

. 411; .

Regroup the x's,above to. show that there are' 1 (ten x ten)

group, 3(ten) -groups? and 2 more. This 'should help you under-,

stand that 246 = 132
seven ,

ten .

Exercises 1-3.

1. Group the x! s below and Nrite the number of its _in base

seven notation:

a. X X X'X

X XXX X

b. xxxx x

x x
. .

1.

C X X X XXX XXX
X XX x x x X X X
X XXX XX XX X i
X X X-X X X XX A,

'X X x = xxxxxxxxxxxxxxxxxx,xxxx xxxxx.xxsx
,

2. Draw x's and group thein to shoal e the meaning of the follOwing

numerals.

a. 11 sev0-1,
b: 26 seVen c 4 3 5seven
.,

(sec -3}
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d. 101seven.
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. ... ,

. .
. . _ ...

. Write each.of the foilpwing,numerars in expanded. form and

. then in aeQ.imal notation.. , .
. .

/ t
.

.

b.' 45 A . c. loo
1' .

33
Seven seven' . seven

d. 5240 .:
en

, ... .

4..._ Write the next consecutivenumeral'after each of the follow-

ing num9als. '' t

r

geVen
Q

seven ,.

e: 666peven 1 .

6 0. 54-

()seven
: d. 162seven f.b. 1 . 1006 . .

seven
.

. What is the value of-the '1'6" ineach of the folloWing
.

numerals? .--

c.. 605seven
4

,

a. -560
seven Seven

d. 60
50seven'

.. ,

. In the base seven system write the value of the tiftn place
-

..counting left from the units plaee.

7. In the bask seven system, what is the value of tie 'tenth

place from the riglit?

*8.)'What numeral in the seven system represents the number named

by six dozen?

Which number is larger152seven'oF 436even?
2'

01
- -s-

.

10., Which number is greater, 250 i
or 205 ten?sven ten' r

t

11. Which is smaller, 2125seven
or 754

ten
?

12.'\,WINBUSTBR. pn planet X-101 thstrpages in books are

numbered in order:as follows: 1, L , 0 , ,

-) I(: IL I A ) I , I s, ,Z2,Z and so forth. What

seems to/ bye_ the base of the numeration system these' people '

use? W)How would the next number after )I be written?

Which s*bol corresponds to Sour zero? .Write numerals for
_ -

'numbers from - to L9 A .

1-4, Computation in ,Base Seven.-
I

Computation in base seven is undertaken to clargy, compu-

tation-in decimal notation.. The stress here should be on the
,

ideas involved and not on/ computational proficiency.

[sec. 1-4) ./



Addition -
,

.,-

In 'the decimal, or bade ten, system there are 100 "basic"
,

addition combinations. By this )ime y knowall.of them. The

combinations can be arranged in a convenient-table.--,Fart of the

table is, given below.

,

Addition, Base Ten

+ 0 ,___1 2 3 14 5 .6 7 8 9

0 0, r
1

I

,

1
1

1 2
, _

2 - ^ -
-

3 3 4 '5' 6

4 4 5 6 7'8 ,

5 5, 6 7 8. 9 10 11

6 . -
A .

7

.4

*e
8

9. 17

k

9

The numbers represented in the horizontal row above the IShe
.

at the top of the table are added to the numbers in the'verticai

i.row under the,"+" sign at the left. The sumfof each-p r of .

numbers is written in the table. The sum 2 + 3 is 5, is pointed
4

out by the arrows. .

1

1. Find the sums

a. 6 + 5

Exercises 1-4a

b. 9 + 8.

2. Use cross ruled paper and complete the addition table on

page 9 (you ,will use it later).

is

Isec. 1-4J0
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It 4'

Draw a. diagonal line from the uppetleft corner to, the

right corner of the chal-t as shown at the/right./

a. Is 3 + 4 the same as 4.4- 3? ,

b. How could the answer to tart A)

be determined from the cllarp
What'do yoU'noticeyabout the

two parts of the chart ?

What does tills tell you about the nuniber,Of ifferent

combinations which must be mastered Be s e ydu can

recall anytof these combinations whenever you.need/theM.

d .fir

.7*4'

V

lower

Make,"a chart to" show the bas C sums,when4ne nUMbers are
I

written in base seven notat on. FoUr suths pe supplied. o
...

help you.'

0

, .
5. a. 'How many different number

bise seven Vable? Why?
k .

b. WhicA woulltie easier, to learn the necessary Multi-

plication i base seven or in'base ten?

Why?
\

4

kten:4-5ten and !i2i yen + 5segenc. Find .1
from the tables.

Are,the results equal; that ls', do they-represent the

same' number?

+ , ,

II VAI ESE
II 17/111._

lik 11

MI
111111-

EIS113-

Ilfilli J

A

mbinatlons are'there in the

,

.

,
------

The answer to problem 5c i an illustratibn of the.fact'that

A number is an idea independent of the numerals used Trite its
. .

;lame. Actually, Stun and 12sevell are two different names for' the

Wee nutber. ."

a

4

[sec. 1-4] I -6
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( Do not try to memorize tne addition combinations for b ee

"seven. ,Thevallie in making the table lies in the help it. yes

you in understanding operations with,numbers.

The table that you completed ih'problem 4 of the last set of

exercises shows the sums of pairs of numbers from zero to

Actually, little more L needed to enable us to,add large

numbers. In order'to see what else is needed, let us co sider

. how we add in base ten. What are the steps.in your thin ing when

you add numbers like twenty-five and forty-eight in the eciMal

notation?

25 = 2 tens + 5 ones = 25

48 = 4 tens + 8 ones = 48
, --:

fit tens' + 13 ones -. 7 tens ,+ .3 ones ..=.73

Try adding in Ue.se seven: 14
seven

,

+ 35 't

seven

1 seven + 4 'ones (You may look up-the sums 5 + 4 and

3 'sevens+ *'5 '66 3'+'1 in the base seven,adtition table.)

4 sevens + 12 ones =. 5 'sevens + 2 ones = -52
seven

.

How are the two examples alike? How'are they dffferent?. When is

it necessary to "carry" (or regroup) in the ten system? When is

it necessalleto "carry' (or regroup) in the seven :sYstem?

Try your addition on the following pro11ems. Use

the addition table for the basic sums.

42
seven

65 32
seven seven

254-
seven

435
eeven

521+
seven

. ,

13
seven

11
seven -

25
seven ,

105seen' *ien
564sven625'

.1. .1
.6 362

seven' 1°6seven' seven'. seven'The answers in 'order are-55 6

13 63
seven

, and,1421
seven'

Subtraction

How did yip learn to subtract i base,ten? You probably

used subtraction combinations such as14 until you were

thoroughly familiar with them. You know the answer to this
.

problem but-suppose, for the',.moment',*thatyou did not. Could you

get the answer from the addition:table? You really want to lisle ''

the follow g question: "What is the number which, when added to

5, yi s 14?" Since the,seventh"row of the base ten addition

(seq. 1:1)

,
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i

table giVei t is of adding various numbers to 5, we

Should look fo 14 hat row. Where do you 'find the answer to

14 - 5!? Did ybu r "the last column"? Use the bases ten

additiA tablet fi d .

9 - 2, ' '8 5, 12 - 7, 17 - 9.

The idea die ussed above is used in.every subtraction -i

problem. . One ot er idea is needed in many problems, the idea of

', "borrowing" or 'regrouping." This last idea is illUstrated below

for base tent it find 764,- ,283:

1

7 aihdreds + §' tens + l'one, = 6
r

hundreds +,15 tens + 11 ones = 761

2 hundreds + A''tens + 3/ones = 2 hundreds + 8A-tens + 3 ones = 283
,-

. 4 hundreda+ 7 tens + 8 ones 478
,

.
.

.

. Now let'us try subtraction in base seven. How would you find

6
seven

.2
aeven

\?" Find 13 Seven
- 6

seven'
How did you use the

L.

addition tatlefor. base seven? Find answers to the following -
.,.

subtraction examples:
l'

,
.

4116i+ .

1 5 12 11Wrseven en seven :

14 13
seven seven. -

';,/

:
6
seven seven

6
seven 5seven

4
seven..N a

4* ,m.. ,mooor ...N..

The answers to these .problems are 6 ,5
,, -

seVen' seven'.
2
seven'

6 'rtanc16'1F',
.. seve', seven .

,.

,Let us work a harder subtraction problem in base seven

comparing they procedure with thai'used above:

41
seven

4 sevens + 3 ones = 3 sevens + 13 Ones = 43
seven

16seven *-".- ,
1 seven. + 6 ones = 1 seven + 6 ones = 16

seven.e.
, - '

. 2 sevens + ,4 onvEs . 24
seven

$e sups to'note that "13 ones' above is in the seven
,.

system, and is "one seven,
.

three'ones." If you wish to find the

number you add to 6
seven

to ,get 13
seven'.

'- how can kou use the
. , .

,

:,.. table tct help you? Some of you may think of the nuMber 'thout
'

referring. to the table.
. .

4
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Practice

J

on tiese subtraction examples:
.

56sev'en
,

61seven 34seven
.

52 ,seen 503seyen4v /
14 -0 26 263'

seven 35seven seven seven 140seven
. _

...

The answers are 42 se'yen, '2,3 arid - enseven!.-5se nYe' 156 seven 333 seven'

4116xercises 1-4b

1. tach of the following examples is written in base *seven.
Add. Check by changing the numerals to -decimal notation
and adding in base'teeds in the example:

Base Seven Base Ten

16seven-
23_-,seven
42. seven

Does 42seven = 30?

}

a'. 25 56 c. 214 r
seven b. seven . seven

;..31seven 21 reven 53;even .
a. 0I

d. .160seven + 430seven e. 45seven + 163severr.
.

+ 563 seven
,

,
g. .- 645 seven'

.
+ 605seven

%.4

f' 403seven .
h. 6245seven +53i4seven%'1' 6204seven + 234 seven

4
j. 645seven + 666seven. k. .54°6eYe,n + 6245 seven

.\- 2: Use the base seven addition table to find:
- - 4a. 6seven

4seven
-llseven

. seven

1

c. 1C\se en 5seven'

(sec. 1-4) 1 9
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or.

.. ,

*".

, .. r 0

3. Eachqf the following examples is written in basesevep.

Subtract. Check by changing to decimal numerefs.

a. 10even b. 65'seven - c. 20Q
seven.,

.

.1
60

seven
t;

seven
26

eVen
4sevn 6

seven
1

,e

e. 44 .

seven
- 35

geven :f. 641 selien - 132-s
even,

.

gt 502seven - 266
sel

h. 560
en °seven - 4261t

even

.J.: 634seven -
,

52 J. 134
sevenseven

- 65
seven

k. .3451 seven - 2164
seven

i. 253
seven

- 166
seven

Show by grouping xls. tYAt:

a. 4 twos = 11seven

b.' 6 threes = 12 4 seven

. 3 f,ivrs = 21
.seven.

d. sixes 4'2
seven

.s

Multiplication - .... , .

T.;

L
, -In order to 'multiply, we may use a table of basic tuts.

Complete the following table in decimal numerals and be sure 'you
,

know and can recall instantly the. product of any' two numbers from

zero to nine.
Multiplication, Base Ten

x 0 1 2 3 4 . 5 6 7 8 9

0 0

1 0 I

2 4 6 .

3 9 12

4 i

5
3

6 .

7
,.

8
...

9
1.

(sec. 1-4 2(t
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Exercises v1-4C7,

1.- 'Refer to the.precedingtable.

a. Explain,the row of zeros and the colnmh of zeros,

1).. Which row intheitabl6 is exactly like the row at the

top? ,Why? 9

2. Imagine' a-.diagonal line drawn from thg x sign in .the table

to the lower right corner. WhatcanLyou say,about the two

triaular parts of We table on'each side of the-line?'

-3. Complete the multiplication table below for base eeven

you could write fourSuggestion: To find 4
seven

x 3seven
x s three times and regroup to show the base seven numeral. (.)

Be, ter still, you might think of this as 3seven
3
sevenf,

3seven
+ 3

seven. ,

. .

Multiplication, Ease Seven

X 0 t 2 3 4 5 6

0
f

,r

-t"2 1 1 i3

3.

4 15

5 I
'6 51

Yolli{ilOW about Carrying (or regrouping) in addition, and you

haVe had experience in multiplication in base ten. Use the base

seven MntipliCatiOn table to find the f9llowing products. '-
. ,.

52' 3W 4.21 s' 621. -(604
eeven seven seven *lien , seven

el

x 3seven' x 6seV
n N 2seven

f MOW.

x 4
sevgn

x 5
seven

1 -
. 40

2314geven* 1542' ' 31406,
seven',, Tha an swers are 216seven'

303seven' ,seven.

1

Check the multiplication shown

at the right and thin answer the

following questions. How do you get

the entry 1.23 on tilie third line? Haw.

dq you get the entry'201 on the, fourth

A 5
, wen

x 2 !seven

123
201
213sa

, seven

line?' Why is thk.1 on line 4,placed under the 2 of 3? wriy

is the 0 on line4,14. placed under the 1 on line 3? If you do, not knowl,

[sec. 1-4] 21



why the entri ;s on lines 3 an 4 are added to get the'inswer,

you will study this more thdroughly later.

d
Division

Division is left as an exercise for you. You may fin4,.that

it is hot easy. Working-in_base seven should'help'ygd,understand

whySome boys and girls have trouble with division in base ten.

Here aretwoexampaes you may wish to examine. All the numerals

within the examples are written in base seven iow can you use

the multiplication table here?- m
Division in Base Seven

454oseVen

6 )4053 ,

.seven seven
33

.

42
773

3"

46
seven

20158

12
46
155
1B32.

ven

seven

Exercises 1-4d

1. Multiply the following numbers in base seven numerals

cheek your results in base ten.

a. 14' x 3
seven . seven

c. 63seven x 12seven

b. 6
seven

.x 25seven

d. 5seven .x 461 seve

'256saven x 43saVen f*- 654seven X 4538

g. 3046 x 24
seven . seven

i. 250
seven

x 341
seven J.

5643seven x 65

26403
seven

2. Divide. All numerals in t is exercise area in

a' 6sven)42-seven

c. 4
seven123.

16
seven

ven

seven-\.

5se'ven

base seven. .

,b.
5seven seven

4. 216even seven

(Sec..1-4]
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1 -5. analas from Base Ten to Bev. SeVn,..
a

In general, it is easie' to change from base seven numerals

to base tenumierNe than the reverse. Again, the stress should
A

be on.theideas rather than on computational facility.

17

You haVe learned how-to change a 'number written in base

seven.numerala to' base ten numerals, It is also.easy to change

f'om base ten to base seven. Let us see bow this is done.

In base-seven, the values of the places are: .one, seven
1

,

seven
2

, seven
3
, and'so on. That,is, the ?lade values are one and

oegerU2LIAL1.1
,

seven zi
en

seven
2 =c(7 x 7) or 49

ten

seven3 = (7 x 7 x .7) or 343
ten.

Suppose you-wlshed to change 12ten tO base seven numerals.

time we shall
.

think of groups of powers of ,seven instead'of

actually grouping marks.'.What is the largest'power of seven'

which
2
is contained in 12t_s?

3
Is' seven.

1 the largest? How about
,

seven (forty -nine) or seven (three,hundreq forty-three)?

We can see that only sevlenl is small enough to be contained in

12
ten'

When we divide ]2 by 7 we have-

1,

What does'the 'l'on top mean? What doesthe 5 mean? They tell us

that 12ten
contains 1 seven with 5 units left over, or that

tc, 12ten
= (4 x seven) + (5 x one). Thus 12 15 .

ten seven

Be sure you knbw which place in a base seven numeral has the
,

value seven2, the value seven
3

, the value seven.4 , and,o6 on.

How is 54t0 eregt ed for base seven numerals? ,What.is the

largest--power of seven which is contained; in 54ten
?

[sec.
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In: mi have
. -

. .

x seven
2

+ ,? x seven + ? X one.

1
.

'407 We have ( 1 ,x 'seven ?) + (0 x bev4h) +. ( 5 x one).

4 Then 54tel 4 105
seven"

-1
r

Suppose the problem is to change 524t.-ento base_seven. _I
numerals. ISinoe 524

t
is larger than 343 (seven1 )y'find how

-.. .en
.many 343,8 there are. c , .

\

181.

.1
,..-T4us 524 contains one seven

3
with 181 remaining; or

,524 x seven3} + 181, and there will be, a "1".

seVen-3%place.

Now find ho many 49's (seven ),'there- are in the remaining

Ow

/49)181 )Thus 181 contains 3 49's with 34 remaining, or

114 -181 = (3 x seven2) 4 34, and there will be a

"3" in the seven 2
place.

'Now many sevens are there in the remaining 34?

Thus 34 contains 4 seven's with 6 remaining, or

= (4 x seven) + 6, and there will be a "4"'

in the sevens place.

.." What will ke inthe units place? We have:

524 '-- (1 x sevr3) + (3 x seven
2
) + (4 4 seven) +ten

1346 //
Witten seven

.

i
Cove er thi n tors below until you have made'the changes for

_ yourself.

6 x one) 4IF*.

10ten = (1 x seven) + (3 x one) = 13
seven

t 46
ten - (6 x seven) + (4 x one) =-64

seven,

162._en = '(3 x seven2 ) + (2 x seven) + (1.x one) = 321
seven

1738
ten = (5 x,seven3 ) + (0 X seven

2
) + (3 x seven) + (2 x one)

= 5032
seven

k.

2 _4

[sec. 1-5]
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In changing base ten numerals to base:Seven we first seledt

the largest place value of Wise seven (that is, power of seven)

contained in the number. We divide tAenumberhy this power of

,evenand'find tg: quotient and remainder. The quotient is the

first digit in the base seven numeral. We divide the remainder

by the next smaller power of Seven and this quotient is the

second digit. We continue to divide remainders by each succeed-

ing, smaller power of seven to determine all the remaining digits

in the bark seven numeral.

Exercises 1:2

1. Show that:

a% 50ten
01

ten It seven -ten 265seven

c. 1024ten
ft 2662seven

4

2: Change the fallowing bitieteanumerals to base seven numerals:

-a.. 12 d.

tr. 36

.53

e. 218

c. 44 f, 1320

-6. Numerals'in Other)-Bases.
.

. ,

1

The base of,the system we use is "ten" for historiAl rather -

than mathematical reasons.
I

"war

You have studied-base seven numerals, so you now-know that 1

it is possible to express numbers in systemsdifferent from the,

decimal scale. Many persons think that the decimal systeM71s_

used-because the base ten is superior to other bases, or.because.

the number ten has special Pfoperties.-",Earlier'it waslindicated,

that -we probably -use ten as a base, because' man has ten fingers.

'It'was only natural for primitive people to count by making

comparisons_with their fingers If man had had six or *eight

fingers, he mlghthave learned to coUnt by sixes 4Fr eights'.

Our fasilliar decimal system of notation is superior to the

Itgyptlan, Babylonian, and other cause uses the Idea of place

value and na a zero symbol, t because its base is ten. The

Egyptian system was a tens system, but it lacked efficiency for

other reasons.



2.0

taseS Five and Six
4,

.

Our decimal system uses ten symbols. In the seven system

: yoU used 'seven symbols, 0, 1, 2,'3 4, 5) and 6'. How many

s bola would Esecimos use courting in base five? How many

iym 1 would base six require? A little thought on the preceding

questions should lead you to the correct answers. Can yowiuggest

how many symbols are needed for base twenty?

The xis at the right are grouped

in sets of five. How many groups of

five are there? _How many ones are

left?

The decimal numeral for the number of x's in this diagram

is 16'. Using the symbols 0, 1, 2, 3, and 4, lhow would 16
ten,

-be represented in base fiVe numerals? ,an Eskimo, coating i,n

base five, would think:

There are 3 groups of five Old 1 'more,

16ten
= (3 x five) + (1 x one),

16ten 31 five'

In the, drawing at the right 'sixteen.

x'sare grouped by sixes. Hqw many groups

of six are there? Are there any x's left?

How would.you write 16ten in base si,x

numerals?

There are 2 groups of six and 4 more,

16
ten

= (2 x six) + (4 x one),

241x1

Write sixteen x's. Enclose them in-groups of-four x's. Can.

you write the numeral 16
ten

in base four numerals? How many

groups of four are there? Remember, you cannot rise the, symbol

NO.in base four. A table of the powers of fur in decimal

numerals is shown on the.following page::

,XXXX

[sec. 1-61 2k
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.
,

(four3) " (four2) (one)

(4. p ir x '1) ' (4 x 4) A
1

%.(1)

(64) (16) (4) (1)7
.

To write -sixteen xis in 'basefOile.'we ne*d
4 2.

* (1 group of four ) 4 (0 groups of fOur) +' CO ones). That is, ---.
-

ler-: - .100 . -* ""' -
ten four

E x e s e s 1 - 6

1. Draw sixteen xis. Group the xis Sethree'.f three'.
\

a. There are 1). groups of three and . left over.

. .

-

b. Are yo1ur 'answers to Part (a) both digits the base
- ,

three system? Why not? .
.

.

c. In sixteen xia there are ( groups of three
2
) +

( . groups of threei + ( left over).

d' 16ten"F -----three'- . .

2. Draw groups of x' s to- show thb numbers represented by the
. . -

following numerals. Then write the decimal numerals for

these numbers. - , .
*

" a: 2 3fou . 'b. 15
six

c C. 102
three

d. '21five.

,

3. Write in base' five notation the numbers from one through

thirty. Start a table as shown below:
%ilk w .

base. ten 0, 1 ': 2 3 4 5 6 7
-

Base fide 0 1 ? .? ? ?

1; - %

4. a. How many threes are there An 20 three? v

b. How many foura- are there in 20four'
.., .

'

c. How many 'fil.6- are there in 20 five?

.d. How many sixes are :.ihe re in 20six? .

4

li,

5 . Write the following' in expanded notation Then write,the

base ten numeral for` each as- shown in the exampl .

Example: .102five = (ix 25) + (0 x 5)-.-+ (2 x 1)

4 ,

a. 245
six

c . 100 2threer .
d di. 1021 '. 412

five 4, . four -t .

-(sec. 1-6] 0'1
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.6. Write the folloWing decimal numerals in bases six, five,

.fourvand three. Remembei. the values of the powers for

each of these bases. Note the example:

4
.

7 teri= 11six = 12
five ..

13
four

= 21
three'

=

'

,..

a% 11
ten

. b. 15
ten

c. 28
ten -

. 1 d. 36
ten

go,

1-7. The Binary System.

The use of binary notation inpigh.speed computers is, of

dourse,'well known. The binarrt system is used for-computers
_ -

since there are only two digits,,and an electric mechanimri is

either "on" or "off." The base two has the disadvantage that,

while only two different-digite are used, many more places are

needed to express numbers in binary notation than in decimal, e.g.,

2000ten = 12,111,010,090two.

There is another base of special interest. The base two, or

binary, system is used by some modern,.high speed. computing

machines. -These computerg, sometimes incorrectly called-

"electronic brains," use the base two as we use base ten.

Historians tell bf'primitive..people. who used the berry

system. Some-Australian tribes stall count by pairs, "one, two,

/two. and one, two twos, two twos and one," and so on.
- k

Titpaiaary system groups by pairs as is done with

the three xis at'the right. How many groups of two

are shown? How thany single x's are left?- Three, x's means 1,4

gropp of Alm and ''one. In binary notation the numeral 3 is
ten1 0

x

written 11 two .

Counting in the binary system starts as follows:

,

-Decimal numerals

Binary numerals
., .,. ..

1 3 4

10 11. 100 J.01

7 9 10

116 111 ?

Bow 'any symbols are needed for base two numeralsi Notice that

the numeral/101two,repreients the number of-fingers on one hand.

What does'ill
two

*Lean?

,
.

111two - (1 X ;wog) + (1 x two
1

7) + (1 x one) = 4 + 2 + 1 =
.ten:

41.
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How would you write 8
te n

in binary notation? Howiwou2d you write

10ten
in binary notation? Compare this numeral with 10i .

two

Modern high speed computers are electrically operated. A
.

simple electric switch has only two positions, open (on) or

close4,(off). Computers operate on this principle. 'Because

there are only two positions for each place, the computers use

the binary system of.notation.

.
We 11111 use the drawing at the

right to represent a computer. The

four cIrcles represent four lights on

a panel, and each light represents

one place in the binary system. When

e current is flowing the light is

on, shown in Figure,1-71D'as

A -(1) is represented by the symbol

"1". When the current does not

flow, the light is off, shown by

in ,Figure 1-71). This ls represented by the symbol "0". The

panel in Figure 1-7b represents the binary numeral 1010two. What

decimallnumeral is represented by' this numeral? The stable at'the

I

0000
Figure 1-7a .

*00Q0
Figure 1-7b

-

rightshowg tKe

place values or

th# first five-

places in base two

numerali'.

two
4 .

two
3

two
2 two 1 one

2X2x2x2 2x2x2, 2x2 2 1

'16
.

8- 4 1

1010
tw?

\-= (1 x tWo3) + ,(0 x two2) '+ (1 x two l) + (0 x one)`

= (1 x 8) + (0 x 4).1- (1 x 2). +. 0 Ix 1)

7 1(3ten'

Exercises

1. Make a counting chart in base two for the numbers from zero

to thirty-three.

A
Base Ten' .1 2 3 4 . . . 33

Base Twg
,

1 10 11

.

,

[sec: l-F;J
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2. Copy-and complete tide addiltion

chart for baartwo shown at the

right.. HOW mtny addition facts

are there?

3. Usfng the same fdrh as in Exercise 2, makq a multiplication
.

chart for base two. Howmany multiplication facts are there?

How do the tables compare? -Does this make working with the

system difficult or easy? Explain your SnSwer.

Addition, Base Two

0'

0

1

4-

4. Write the following binary numerals in expanded notation and

then in-base ten--notation.

a. 111
two

b. 1000
two

c. 10101
two

d. 1100Q

e. 10100

5. Add these numbers which are 41Pressed'in binar' notation.

Check by expressing the nuMerals in the exercises, and in ___

your answdrs,.in decimal notation and adding the usual Way.

WO\

a., 01two b. 110
two

c. 10110
two d. 10111

two

10twd 101
two 11010two 11111twO-

6. Subtract these base two numbers. Check your answers as you

did in Exercise 5.

a. 111
two

b. 110two -c. 1011two

idltwo lltwo -100two

d. 11001two /

10110two

7. Wh4n People.operate certain kinds of high speed computing

machines, it is'necessary to txpreis numbers in the binary

system. Change the following deciMal numerals to base'two

notation: . ----- -*

a. '35 b. 128 c. '12 1 d. 100

4, .

,

1

(see. 1-7) 30

Si



'Chapter 2

WHOLE NUMBERS

1 Counting Numbers.

A seventh grade arithmetic course customarily begins by

reviewing the arl,khmetle studied in earlier grades. Frequently

the review cortsists mostly of drill prpblems. The iresent

hapter illustrates a way 1p which arithmetic can be reviewed in

such a way as to bring out some,of the basic, Unifying ideas of .

arithMetic without sacrificing practibe on arithmetic skills.

The counting numberslare the numbers used to &newt', the

question "HOW many?" Primitive man developed the idea of number
.

by the practice of matching objects,.o things, in one get with
-4

objectsoin andther' set. When a man's sheep left the fold in the

mottling he could put a stone in a pile a? each sheep went out.

When the sheep returned in the evening Me-took a stone cluelaf/the

pile as a sheep went into the pen. If there were no/stones left

in the pile when the last.sheel) was in the pen he k4w.that all

the sheep had returned. Similarly, in order to. keep count of the'

number of wIld animals he had'killed he could make notches in a

stick--one notch for each animal. If he were asked how many

animals he,had killed he could point to the notches in .the 4tick.

The man was saying that there Were just as, many animals killed -`as

there were notches in the stick. The man was trying to answer the

question "How many?" by-making a one-to-one correspondence
* I

between the animals and the notches in the stick. Be was also

trying to answers the question "How many?" by mekTrIva one-to-one

correspondence betWeen the stones %f the pile and-the.iheep of the

flock. The one-to-one correspondence means that exactly one

stone corresponded t6 each sheep an0 exactly one sheep corre-

sponded to each stone. This says that the number of sheep wa

the same as the number of stones.

some of us have learned the meaning of number in counting by

using such one-to-one correspondences. We look at various sets

of objects as in the figure. We-see

that there is a certain proOrty that 0

these sets possibs. This property

3
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may be described by saying that there are "just as many" marks

- in one set as in the other, ,A-one-to-one correspondence,between

the sets can-be
OF
shown by jpining the markbikith strings, or lines.

Each mark is joined to a mark of the other set. Narks are
left over in either set ,and no mark is used, twice. The corre-

spondence shows that, there. are,"just as "many" mark; in one set

as in the other but it does nottell.us "how many" there are in

termsof a number.
---...

Fortunately we _have, a standard set which A can use to tell

us "how many" there-are in each set. It also can be used to tell

us that there are "just as many" in one set as in the'other.

This- standard set is the set of counting numbers represented by -

.
. l

-the numerals 2, 3i 4, 5, ... In .)ti

the figure eac -vet of marks is put SW INN
__in a one-to-one correspondence with lik1/4Wthe set of aumerals 1, 2, 3. The 4

"numter of marks- is the sameas the ^k INE1
.

.,.
)'',

_ number represented by the last numeral of the matching set.. This

kind'of one-to-one corresindence between the marks and the set

roAi of numerals tells us thAt there are "just as many" in one set as

in the other, and also tells us "Itow many" marks are in each set.
..

The method of using'the counting numbers is such i'hatural

'one that the coupting numbers are also called the "natural.

numbers." In this text we call them counting numbers. Yoia may '

see them called "natural numbers" in other books. .

Let is agree that our first countiftg number-is 1. If We

'wistl*to talk about all the counting numbers and zero we call

this set of numbers the "whole numbers."

2-2. 'Commutative Properties for Whole Numbers. %

1

The commutative, associatiVe, and dittributive properties

are basic concepts not Only in arithmetic but also ire algebra.
*

They are not new to students. In fact, students have. used them,

for a long time, but they probably ihave rik had names for t ,hem

and have not rkcognized when they were using them. It should be

emphasized that these properties referto operation on numbers,

.,. pot to numbers themselves, and do not .depend on the numeration

sysIpm that is psed,
i

r___ . V

7
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If you have three apples in a basket and'put in two more,

then the number of apples in the btsket is obtained by adding ;

2 to 3. You think of 3 + 2. If you started with two apples ih

the basket, and put in three mire, then the number of apples in

the basket is obtained,by adding 3 to.2. You think of 2 + 3. In

either case it is clear_that-there will be 5 apples in thtbasket.

We may wtite 2 +. 3 = 3 + 2.

The arithmetic teacher read tw6 rarge numbers to be. added.

One boy,didlipt understand whathis teacher said when she read

-the first number. He wrote the second number and than asked her

to repeat the first number. When she read it again, he Wrote it

"'below the _second number instead of above it. If all the students

do'theaddition correctly,win'the boy find the ame sum as the

studentg who'heard all the dictation the first flMe?.

boy wrote: 2437 The otbIrs wrote:. 6254
,6254' 2437

We call this idea which was just described thecommutative

property of addition far whole numbers. It means that the, order

in which we add two numbers-does not affect the sum. .The wolvt?'

property 'is used here in the usual meaning of the word - -it- is -

something that belongs to the opefation of addition:.

3 adfled to-4 Is Tor 4 + 3 = 7,

4 added to 3 is 7 or 3 + 4 . 7.

,Thus, we can.write 4' + 3 = 3 + 4. This

commutative property of addition for these two e numbers.

ion for whole numbers may, f

The commutative property of ad

be stated as:
.

Pro t 1. If a and b represent whole numbers then

.
. a + b b + a.

4.0°

Inxthe above example a is 4 and is 3.

'Multiplication is another operation which we perform on

nUmbers. Is there a commutative property of multiplication?

Let, us see hdw to find the .answer to the'question,

-Suppose we have five rows of chairs witn 3 chairs in each

row. Then, suppose we decide to change, the arrangement to make.

(sec. 2-21,,,

41



28
t

three rows with 5 ahairsi:h each row. Will we need morefehairs? -'

Will we ha any chair's which are not used in the second arrange-
,

Ment?

***
***
***
***
***

5 rows of 3 each: 5 x 3= 15'

3 rows of 5 each: 3 x 5= 15

'In learning the multiplication tables you learned that

7 x 5.= 35 and that 5 x 7 = 35.0,Similarly 9 x 8 = 72 and

8 x9 = 72. When the two numbers-are the same, the products are

the same, regardless of which number is written first.

These examples indicate that there is a commutative propert

of multiplication. This commutative property of multiplication

for whole numbers states that the product 9f two whole numbers is

the same whether the first be multiplied by the second or the

second be multipl e by the first. We state this as:

,Property 2:1 If .a
pand

b represent whole numbers; then
""-

a ).1)..bx a.

We canuse this property to detect mistakes which we might

make in multiplying one-number by another. We found-these;

products:

436 125
125 436

48'0 77,
872 365

436 -600
37555 63380

In this computation the commutative property shows that we have

made at leaii one mistake. Find all the mistakes.

In both Property 1 and Property 2 we used letters to,

represent numbers. This 'idea Of using letters to stand for any

number, whatsoever in stating genera principles is a very useful

part of mathematical language. etimes the letter x and the

multiplication sign may be mistaken for each other, so we often

use.a raised dot, , to indicate multiplication., For example

we can write 4 3 for 4 x 3'and a b foea x b.

[sec. 2-2]
"
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Many symbols are used to simplify the writing of mathematics.

Any symbol can be introduced and used if we first decide whatthe

symbol'Icto mean and always use it to have that meaning. The use

of the raised dot is a good example.

In mathematics lelb often say that one number is'greater than

another. To simplify writing the phrase- "is greiter than" w & use

the symbol > . So, to write "5 is greater than 3" we merely

write 5 5Na. To indicate that "a is greater than b" we write

a > b.. Similarly*, weiuse the syMbol < to mean "±s-less than,"

Hence, we write 14 < 7 for'"4is less than 7. Notice that each

of these new symbols points toward the smaller of the'two numbers

being compared.

Sometimes we merely wish.to note that two numbers are not

equal. The symbol / 'is used. for "is not equal to." For 1

examples, 5 3 and 4 / Q.
.

In comparing three numbers such as 3, 6, and 11, we may

invite 3 < 6 < 11 or 11 > 6 > 3. Note that the statement.,

3 < 6 < 11 really stands fOr the two statements "3 is less than 6"

and "6 is less than 11-."

Exercises 2-2a

1. Indicate Whether eacn statemenfile true or false:

, a . 6

',1p. 13

c . 6

,d: 1

e. 6

f.' ' 6

+ 4 4 4- 6

four
+ 32

four

< 7 < 14

+ 5 = 5'+ 1

5 = 5 7

+ 3 = 4 5

36 < 36

+ 4 > 5 + 3

45

i.

J.

k.

i.

m.

*..

. I
13four

315 + 462 = 462 + 315,

5 > 3 > 10 A 1

.8 + 2 = 2 = 8

851 + 367 = 158 + 763

If 16 > 7 and 7 > 5 then'

16 > .5 .

g.

h. 5

2. Add. Then use the commutative property to check addition.

d.. 465 b. 37461' c. 73967

' 1/2 73135 81785
d 43

seven
32

seven

e [sec. 2-2]
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3. Using the symbols = , < , and > , make the following true.

80 7 + 4 ? 4 + 7 f (3 2)- + 5 5 + (3 2)
b. 12 5 ? 5 11 .g. 8 - 3 ? 9 - 3

c. 23 12 ?12 32 T- 86 135 ? 135 86

-d. 3 ? 6 -,.. 24 = 3 ? 3 = 24

e. 16 ? 9 .? 3 GiVen that a, b, and care

whole numbers: If a > b

and b > c,"then a ? c.

- 4. Multiply-. Then use the commutative property to check the

multiplication.

a. 36 b. 305 c. 476

5.1. 84
d. isen .

mien.

5. Give the whale numBbr oA whole numbers which maybe used in

place-of a to make the statementstrue. -. '0

a.

b .

C .

d.

3

5

2

3

+ a = 3
7 = 7

-
'a

I
< 2

p-
a(< 3

+ 5

a

- 1

2

e. 132 + a =

-_f. 2 + a < 2

g. 7 3 > a

h. a +. 3 = 3

46.+ 132

+ 7

5

-+ -a

The commutative properties of addition and multiplication
#

have beep stated in symbolic form:

9...therJ)k = b + a and a b =b a.

Notice how similar the statements are.
11

Do you think -subtraction has the.tommutativ iproperty? To

find out we must ask whether a - b is equal't b - a-for all

whole numbers a b. If we can Sind at least one pair of

-*hole numbers for which it is not true, then subtraction c#nnOt

have the Commutative property. Is 6 - 9 equal to 9 - 6? No.

In fact, (9 - 6) is'3 and:there.is no whole number which is
t

(6 - 9)

jsec.'2-2) 3(.5
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Exercizes 2)-2b

1..
Interchange the numbers in each of the following. In which

fines ie the result unchanged?

,v4.-...,

__----

--

.

a. 1+ 2
b., 6 A- 8

c. 7'. 9

.

d.

e.

f.

_ 0.

4- 5

14-3
9-4-- 4

: .

: g,.

h.

i.

5-
3.4-

4 ÷

4

12

9
t

2. Does division of whole numbers have the commutative property?

Give *-n example.;which/fillustrates your answer..

3. 14114 of the following ac4ivities are commutative?

a. To put-on a hat and then a coat.

b. To put on socks and then shoes.

c . To pour ed, paint into blue paint .

d. e the hatch and dive the subm'arine.

e. To put on your let snoe and then the right shoe.

4, We shall invent the operation "M" which shallmeaft to choose-- .

the larger of two numbers. If the numbers Are the same we
.

shall choose' tillat one number. Is the operation commutative?

Exarriple:s -3 'M 4 . 4

Which of the defined ,operations below are commutative?
. -

a. "D" means to find the sum of the first and twice the

second. Example!.' 3 D 5 = -3. + (2%. 5) or 13.

b. "Z" means to find the sum of the ;.first and the producq

of the first and,the second.

Example: 4 Z 7 = 4 + (4 7} or, 32.
,

c "F" means to find the product_ of the first and ofe more

than tne second. Examp1p: 8 F 0 = 8 1 or 8.

d. *HQ" means to find three times the sum of the first and

the second. Example: '8 Q 5 = 3* (8 41, 5) je 39.

6. List some activities which are commutative and some which

are not commutative.

. The Associative 'Propert.

What is meant by 1+ 2 3?' Do we mean (1 + 2) 4- 3 in 'which

we add 1 and 2- and then add a to the sumo Or do we mean .

1 + + 3) in which we add 2 and 3 and then add 'their sum' to

.

Asec. 2-3)
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Or, does' it make any difference? We have seen that the order in

which two numbers are added does not affect the sum (commutative

. .' property of addition). 'Now we see that the way we group three

numbers to add them does not affect the sum. Ar example,

(1 + 2) + 3 = 3 + 3 = 6

and 1+ (2,+*3) = 1 + 5 . 6.

We -call this idea of grouping the numbers-differently.witnout

changing the sum the associative property of addition for whole777

numbers, This property may be used'to make addition easier if

the sum of one pair'of three number6 is easier tcrfind than the

sum of another pair. If you are asked to add,12 + 4 +4'2 you

might First add 12 and and then add 2 to 16. 101 you might think

of first adding and 2 and then adding 6 to 12. 'If we add each

of the following by grouping the numbers differently we will be

showing applications of:the associati,ve property.

7

12

97

+ 9 +

+ 7 +

+ 53

33 =

+ 100 =

+ (9

(97

+ 11) 7 + 20 =

(7 33) = 12 + 40

+ 53) + 100 = 150

27

= 52

+ /00 = 250.

The associative property can be used in finding the sum of 12 and

7." Perhaps you have always used it but did not call it by'name.

Notice ho* it can be used:

12 + 7 = (10 + 2) +7 = lo + (2 + 7) = 19,
A

A lust as we stated the commutative property of addition, we

now ,state the associative property of addition.
W

ProPerty-3. If a, b and c represent an_z whole numbers

(a + b) + c =a + (b + c).

What is meant by 2 5 4? Do we mean 12 5) .4 in which

we first multiply 2 by 5 and then multiply 10 by 4, or do we mean

2 (-5,. 4) in\which we Dirst.multiply 5 by 4 and then multiply

,2 by 20? Both give the same answers and we conclude that we can

give either meaning to 2 5 4. This is true for any whole

numbers.
Y

Property 4. If a, b, and c represent anx whole numbers,

1
',/) (a b) c = a (b c).

[Sec. 2 -3] 38
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This is the syffibolic seatement of the associative property of
.,

muItiplicatift for'whole numbers.

In everyday life we speak-of "adding" or combining several

things. Whether such combinations nave-the associative property

w depends on he eidgs we combine. Is (gasoline + fire) + water

the same as ga oline_tAfire + water)?

The .commutative property of addition Means we may cnange the

order of any two numbers without,affeCting the sum. The associ-

. 'atiVe property means. thawe vlay-group numllers in pairs for the

purpoSe of adding pairs of them without affecting the sum. Just

as there is acommutative propertg for addition and multiplication,

we might expect the associative property to belong to both

operations.
1

Sometimes it is convenient to rearrange the order of tne

numbers which are to be added, or multiplied, in order to make

the operation easier. Tnis may be done by use of the commutative

property. Then the addition or-multiplication can be performed

\ by grouping tne numers according to the associative property.

The following examples are illustrations of the uses of both

properties in ttle same problem.

17 + (19 + 13) = 1( + (13 + 19) = +13) + 19-= 30 + 19 = h9

P

50 .-(17 = 50'. (L ,17) = (50 . 4) 17 = 200 17 = 3400

Is there an associative property for subtraction? Perhaps,

we can answer tne question by considering just one example. We

try 10 - (6 - 4) which is 10 - 2 on 8. But (10 - 6) 4 = 0, so

that 10 -(6 - 4) is n9t equal to (10 - 6) -,14. This shows that

subtraction does not have tne associative property. At first you

may think that one example is not enough and that the property

might hold if, we used some other numbers. But, if the associative

property is tg hold for subtraction then it must hold for all

whole numbers. Hence, by showing one set of three wnole numbers

fbr which the property is not true we know that it cannot be a

property for all whole numbers.

Do you think the associative property holds, for division?

What doesjl,6 T 2 mean? We cannot tell. It may mean
(16 -- 2,. or it may. mean' 16 -P- 2). The first s f these

I
[sec. 2 -3?
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(' / 2-4. Distributive Property.

. t

4 .
in'finding the-perimeter of the top of a desk one pupil

Measuried the length-of each Mille in feet, 5
. ,

.

found the measurements as shown in tfte

d.agr Then he found the perimeter in
1 sl

feet by finding the sum-5 + 3 + 5 -,3 =16.

Another pupil said he thought that this

all right but-that it was morework than

Iml.dadd 5 and 3 and multiply their shun

the same answer? A thirglitill said she

was

necessary. He said he

by 2. Mill this 'give

thought it would be

35

betterto multiply 5 by 2 and 3 by 2 and then add. these two

, products. The second and third may not have 'known the

name of the principle they were using but it is useful.and

important;:-It'it called the distributive property. 'In terms of

the pupils; 'problem it::states siMplythat' o

2 (5 + 3) F (2 ),+ (2 -3)

and 2 (5 + 3),= (2 8).
.

Eight girls and four boys are planning a skating-party.,

Then, each girl°invites another girl andi;ea'ch boy:inVites another

Boy. The original number of girls has been doubled. The

- originalnUmber bf boys has, doubled. Has the total

of children been doubledsor not? Let ut see. In all, there will

.

be (2 8) girl and (2'. 4) boys or a total of

2 8) + (2. 4) = 2kt.Children at the party. us

-another way. When the party was planned, there were

. children.- ThaPfinal number of .chldren it'2 (8 + 4

We have seen that'3.* (2 8) + (2 4) = 16 + 8 =

.4

and (Es,+14) = 2 12 = 24.

So we Can writ- (2 8 (2 -4) ="2 . (8 -F. ).

Yop have bee this property in many ways for a long

time. -Consider: for ekampa, 3. 13 or 3. you were ,really
. xt,

using the distribgtive property because:
. .

13 = 3 '(10 +.3) = (3 ,.10) + (3 3) = 30 +'9.= 39..

look at this

(8 -P4) =.12

or 2

Isec. '2-4i
,

s'



-Lest us see how You use thg distributive property in finding

the product 9 36. You probably 'perform the multiplication

-about as follow: .

,

0
Do you see that the left example is a short way of doing the

.
problem? You were really using the distributive property:

36

3<'
,

or
if 36

,

.(5 x 6)
t x '30)

-54
22
324

36 =

=

=

=

-9

9
270

324.

(30

30)

+ 54

+ 6)

+ (9 6) distribUtive properp

The distributive property is also importaft -in operations

involving fractions., Let us find the product 11D2

First Are)S11' that 12 4-meanA, 12 + . Then

8 12 4 = 8 (12* 4

= (8 12) (8 ) = 96-+= 2'

The distributive- property is :' - 1'

Property .!. If a, b, and c are aul wiVe numbers then

-,,.. i

(a
.

a (b + c) =, (a 0 + (a,. c).
4

The 'distributive -property is the only property of the r

we have studied' in 'this, chapter which' involVes two Operations J10,

namely,` additio:$n and multiplication. This does not mean that any '..:

pro4lemlhich involves these tyro operations is 'performed by usio

thedistributive property. 'For example, (3 -5)" + 14 means that

theAfddlict of 3 and 5 must be found and then 14 added to, the

.protiuct: (3 5) +.14 = 15 I- 14..= 29.
k- ,

. Howelier, '3 ,k 5 + 14 ):i3 544: . (3 14) = a-z-.1- 40= 57.

'- .
-..,

4

sec. 2-4)
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-Let us see how You use thg distributiVe property in finding

the product 9 36, You probablyperform the multiplication

aboUt as follows: ,

36 of , 36

324 "(9';( 6)
or

. "3o)

air

Do you see that thelleft example is a short way of doing the

problem? You were really using the distributive property:

36 =-9. (30 + 6)

(9 30) + (9 6) distribUtive property

= 270 + 54

= 324,

The distributive propertY*is also importai'tt in opergtions

involving fractions.. Let us find the product 4pf

First,rr4all'that 12 4'means, 12 + 4%. Then

8 :12 4 = 8 (12.+ 3.0
4

= (8 12) + '(8 . 96, 2'

=. 9

The distributive. property is:
Mr

40
''

Property . If a, b,-and c are a.a: wilekle numbers then-

r- a (b + c) =,(a 0- + (a,i . c).
.

4* v
The distributive-property is the only property of the

we have studied
,

in 'this chapter which' involVea two operations Alo:
,

namel!y,additfon and multiplication. This does not mean that any °;

pro4lerrilafhich involves these to operations is .performed by usips

the distributive property. 'Tor example,'(3 5y + 14 means that
.

,

thOlfedUat of 3 and 5 must be found and theg 14 added to.* the

.prottuCt: (3 5) +,14 = 15 + 14....4 29._.
r-

.

. Horpr, -3 k5 + 14)4,53 5iti:.(3 -14) = 1e5 ;.+ 40= 57.
.....

[sec. 2-4]
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The commutative property of multiplicatio5permits us to

write (b +'-c a = (b. a) + (c a).,.Let us see why.

First, (b a = (b +,c), commutative property,

and a. (b + c) = (a b) + (a c), iTistributive property.
,

.

Therefore, (b + c) ,a = (a b) + (a c).

'Also, (a . = (b a)

(a c) = (c

Hence, (b c) a = al (c a)

'This justifies the multiplication of 12 lag.' by 8 /n the farm'

.42
12 -37- 8 = + ) 8 -1-412 +.q314- 8)14.

= 96' + '2 = 98.

commutative property

commutative property.

Some bf you may wish to use a sketch to help you remember

that the f ixst factor is distributed over all the numbers being

added iz-the second factor. One such sketchiis illustrated here.

For example,` consider the product 3 (7 + 9).

4

Sketch:

3

= 21 + 27.= 48.

9)
7

a
. ,

*'
.Note that 40, denates-tlaet,the q multiples both the 7 and

the 9and that these_products,are then ,a ed. The arrows always

point to the numbers that are to be add . Another example

might be:

ketch:

t 5 (6

6

-

6 (5 + 8)

5

= 30 +.48 = 78- or

8)

(sec. 24)
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11

41,

Another example. 1

4'

(2 + 3) (L + 5)

41.

+ 10) + (12.+ i5 = 45

Exercises 2=4

1

1. Use the sketch methOd illustrated above to. do ,pe indicated

?

operations.

a. 5 (6 +

b. 3 (9 +

. 120: (6 +

d: .: (13 + 17)
.

e: (6 + 4) : (8 +,7,4.

f. (20 + 7) (10 3-.',19.

Show that the f lowing are 'true by deing thtiindic4ed

iroperations. Pie: 3 .(4 +'3) = (3 4)' + (.3..:3)..

. 36 (4 + 3) . .3 7 = 21 :- I

(3 -. 4) + -(3 3) %....-,12+ 9 = 21

a. 4 (7 + 5) = (il 7).+ 0 5) :
. ,,

b. (3 6) + (42 6) =76 6 + 41 .'.

c. (8 76) + (7°- 6) = (8 + 'a ., 6 r'' 4'

d. 23 (2 + 3) =(23 2) ..1- 23%,%,3)

e. 11 (3 + 4) = -(11 3) 4- {1

f. (6 51 + c116 3) = 6 - (5 3), .

g. 2.% (16 + 8) = (2 % 16) + ( .8). Il

h. 12 (5 + #)" . (12 5) ,+ t61 4) -

i. (67 _,-%'148) + (67-s 52) = 67 : t48 + 52)i

'j. (72 .: 4) + (i.. 72) , 72 .t.G.+..i.
..,. .

e

s
. 44 -

[sec. 2-4]
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3. Make each of the following a true sta'tement the

distributive property.

4, 3 % (4 (3. 4) + (3- 3)

b. 2 , ( + 5) (2- 4) ( . 5)

c. 13 (6 + 4) = (13. ) + (13 )

d. (2 7) + (3 ) = ( ) 7

e. ( 4) + ( 4) = (6 + 7) ( ).

4. Using' the-distributive property rewrite each of the

Examples: l; (2 + 3) = (5 2) + (5 3),

2. (6 L));"4- (6 3) = 6 (4 + 3)

4

a. (9 8) + (9 2) d. (13 + 27) 6

b.w-8 (14 + 17)
, . e. 15 (6 + 13)

c. 12 (5 + 7) f. (5 12) + 12)

5.. Using the idea-of the distributive property we an reWrite

t: for example:

(1)

(2)

10,+ 15

15 + 21

as

as

(5

(3 .5)

2) 4.,(5

+ (3

3)

7)

'

Use the distributive property to rewrite the following in

Iorl5 i2 + 3)

or 3 (5 + 7)

s similar way.

a.

b.

C.

35+0
+ 15

1- 10

d.

e.

f.

27

100

30

+.51

+ 115

+ 21

'6. Which of the following are true?

a. 3 + (4 2) = (3 4) (3 + 2)

10 b. 3 (4 - 2) . (3 '4) - (3 2)

(4 t 6) 2.= L4 . 2) + (6.1` 2)

d. (4 + 6) + 2 = (4 2) + 2)

, . e, 3 +,(4 2) =(3 4) + (3 2)

4-5
(sec, 2-4)
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2-5. Inverse Operations.

oi, Subtraction iao.often taught quite separately from addition,

and the same i-s true for division and multiplication. One aim of

this section is to clarify the relations between these operations,

- Often we do something awl the A undo_it. We open the oor;

we shut the door. We open the window;'we close the window. One

operation is the inverse of the other.
- ,

The inverse of putting on your coat is taking off your coat.

The inverse operation of division is multiplication. The inverse

operation of addition is subtraction.

Suppose you have $220 in the bank and you add $10 to it.

Thqn you have $220 + $10 = $230. Now undo this by drawing out

$10. The amount-that remains is 4$230 -410 =-$220. The athletic

fund- at-your school might have $1800 in the bank and after a game

have $300 more. Then the fund hes $1800 + $300 or $2100 in it.

But thi-team needs new uniforms which cost $300 so $300 is with-,
drawn to pay for them. The amount left is $2100 - $300, or $1800.,

These operations Undoeach other. Subtraction is the inverse of
4 0

addition.

.
Of course,,we could expess this idea in more general terms.

Jet x represent the number of dollars originally in the bank.

If the amount we deposit is b , then x -1..r.47, where a

represents the number of dollars we

shall weundo this operation? From

represented by a , we subtract the

represented by b and we have the

now have in th bank. How

the number of dollars

numbeer of dollars withdrawR$

number rept-esented by x .

We write x = a

You use the idea of inverse operation when ydu use addition

in checking subtraction. For example:

203, a
- b

x

check: 107
96

46
[ sec .2-5)
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You also use

,

the idea of inverse operatia, when you use

multiplication

or 288 ÷

to check division.

118

16M5
160

For example:

2'

check:

16
x 18
1213

160

.-

- 1

. 18x 16

128
0

16 = 18 288

Notice that ir a and b are whole numbers, and.if-

a-> b, then thdre is a whole number x so that b,+ x 41 amt.; .

Examples: If a is 17 and t is 10, then x is the whole

number 7 so that 10 + 7 = 17; if a is 41 and b is 35, t4n.

is the whole number 6 so that 35 + 6 = 41. When a is greater

than b it is alwayA possible to find x so that a =.b + x.

Can you make the same generalization if t above operation

b + x = a, is changed to multiplication, b x = a?, If you

substitute 2 for and 3 for a you will s that there is no

whole number that can be substituted for x such that

2 x = 3. If one substitute& certain numbersnix' example, if-
.

a = 20 and b 4--then there is a whore numbr that, can be

substituted for x such that 4 ."5: = 20E-. In this example x

must represent 5, since 4 5,= 20. We get the 5 by dividing

20 by 4, Also:

If b is 6 and a is 24 then x must ba 4 since 6 4 =
If, b is 5 and a is 40- then x must be 8 since5. =

If b is 3 and a is 30 then x must be 10 since 3.10 = ?0.

In each examPie the number fox x is found by dividing the number

represented by, a by the number represented by b. In general,

if there is-a counting number x that can be multiplied bSr a

counting number b to get counting number a , then this number

x can be found by dividing a by b . We write this as

ID' x a. We multiply x by b to obtain a . Ta undo the

operation we lust perform the inverse operation which means that

we must divide a by b to obtain 'x: b71 The inverse

operation of multiplying by ,b is dividing by b .

fsec. 2-51'
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Exercises L_-2

1: =Select the Words or phrases that describe operations that

have art inverse. -An operation followed bk its inverse

returns to the original situation.

a. Picking_up the pencil. -( me ber,_"no't picking up the

pencil" is not an inverse oppiciops "Not picking up

the pencil" does-nbt undo the operation ofspicking up

the pencil.)

b. Put on your hat.

d. Getting into a car.

d. Extend your hapd.

e. MUltiply.

f. Build.

g. Smell the roses

h.. Step forward.

i. Jump from a flying airplane.

j. Addition.

k. Cutting off a dog's tail.

1. Subtraction.

m. Looking at the stars.

n. Talking.

o. Taking a tire off a car:

2. Write the inverse operation to each of those operations

inverse -3

/

solected in

Perform the

operation:

raubtract in

a. 89231
42760

Exercise 1.

indicated operation

(a) to (f)

e.

f.

g.

h.

J.

agi check by the

t8000.02
6898.96

b.: t805.06
$297.96

$10040.50
$ 8697.83

c..803 ft.u/ ft.

d. $43b2.14
$2889.36

27)25404

387506

27)15415
. -

197777

fit

[sec. 2-51.
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k. One hundred twenty minus eighty-seven.

1. The aum-ef six hundred forty-seven and eight hundred

twenty-nine.

m. The difference between flighty -nine and.twenty-one.

n. `Seventy -six plus sixty-seven.

o. The product of three hundred six and`one hundred ninety.

Find; if possible, a whole number which can be used for x

in each of the following to make it a true statement. If

there is no whole number tnat can be used for x , then say

there is none.

a.

b.

.

.

g.

h.

1.

J.

k.

1.

m.

aS.\s,,,If one bookcase will hold 128 books and another 109 books,

how many more books does the former hold?

b. A theatre sold 4789 tickets one month and 6781 tickets

9 + x = 14 n. 3 x = 12.
x + 9.= 14 o. 4 x= 20

x + 1.= 2 p. x = 20 4

+ x = 11 q. 2 x = 18

10 + = 7 r.. x = 18 ± 2

5 + x = s. 5 . x = 30

x + 2 t. 2 x= 0
x - 5 u. x = 0 4- 2

x 11 - 8 v. 9`. x = 0

.8 + x = 11 w. x = 0 .4- 9

6 + x = 3 x. 3 x= 3
x = 13 - 6 y. x = 3 A- 3

3 + x * x + 3 z. 11 x =11

.the next month. How many more people came to the

theatre the second month tnan came the first month?

c.' If one-building has 900 windows and another building 811

Windows, how many more windows does the first building

,contain?

d. The population of a town was 19,891 people. Five years

later the population was 39,110 people. What was the

increase of population for the five sears?

e. If one truck can carry 2099 boxes, how man boxes Garr
.---,,

---7
. 79 similar trucks carry?

f. How many Packs a e needed to store 208 chairs, if each

rack holds 16 chairs? i

isec. 25T,
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p

3+4

a/

g -=At a party there were 288 pieces of candy. If there

were 18 children at the party, how many piecesof candy

'could each have?

n. A girl scout troop has 29 members: Each member is to

sell boxes of cookies. If the troop has 580 boxes to
0

* sell, how manyboxes will each girl have to sell in

order to sell all of them?
&--

2-6. Betweenness and the Number Line.

A graphical repre eTftation of the, system of counting numbers

makes it easier to see some of the, strue-4e of this system. At

the same time, it is tne first link in a chain whicn will later

connect arithmetic axd geometry. ,

....

How wnole numbers are related. may be shown with a picture.

Select some point on a line as,*below and label it zero (0).

0 I 2 3 5 9 10. - II

4

Label the first dot to the right.of zero the first counting'

number andeacn dot after that to the right the suec4eding count-
.

ing number. This picturOts often referred to, as The Number

Line.000/11nole number is smaller than any of the numbers on the

right side of-it a.444 greatertAnan any of the numbers on its left.

For examine, 3 is less then 5 and greater tnan 3.. _Tylis may be

written 2 < 3 < 5, since 2 is less than 3 and 3 is less than 5.

With the ntri.:,er line we, can 'aIso determine how many thole numbers

there are oetween any two whole numbers'. For example, to find

how many wholefiumbers there are between 6 and 11 we can look at '

the'picture and count tnem. We see four of'them, 7, 8, 9; and 10.
4

t,

Exercises 2-6

1. How many whole numbers are there between:

,f-a. 7 and 25

b. 3 and 25

c. 20 and 25

d. 17 and 25

e. 25 and 25

f. 28 and 25

g. 26 and 25

h. .114 and 25_

50
[sec. 24] -



i. If a and b are_whole numbers, and a > b, is the

number of whole numbers bdtween a and b

(1) b - a (3) a - (b + 1) ?

(2) (a - 1) + b ? 44) (a - b) ,+ 1. ?

2. What is the whole number'midway between:

a. 7 and 13 e. 17 and 19

b. 9 and 13 s. 17 and 27

20 and 28 g. 12 and 20

d. A and 50 h. 12 and 6

3. Whicd!of the f4lowing pairs of whole numbers have a whole

number midway between them?

a. 6, 8

:4 - b. 6, 10

c. 8, 18

d. 8, 13

e.. 7, 12

f. 26, 33

g. 9, '17

45

h. 19, 36

i. a, b if a and b are ven

whole numbers

j. a, b if a and b are odd

whole numbers

k. a, b if a is odd and b

is even

4. The whole numbers a, b and c are so located on The Number

* Line that b is between a and c, and c > b.

a. Is c > a?

b. Is b > a?

0
Explain with a number line.

Explain with a number line.

c. Is,b < c? Explain witp words.

5. The whole numbersla, b, c and dare so located on The

Number Line that ,b his between a and c and a is

between b and d. What relation, if any, ±8 there among

b, c, and d? A.

2 -7: The NI:Ler One.

The number one is a speci 1 number in several ways., One is

matter how la e, by beginning with 1 and adding 1,8 until werit

the smallest of o r counting num s. We may build any number,

no

have reached the desired number. For example, to obtain the.

number five, we can begin with our special number 1 and repeat

the addition of 1. 1 + 1 = 2; 2 + 1 = 3, 3 + 1 = 4, 4 + 1,_= 5.

There is no largest counting nudier. t.,

i)/

[sec. 2-7]
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Also, it will be observed that for any of the oouneing

numbers (13 2, 3, I) which we may select, we get thellext

larger counting number by adding 1. This may seem 'Oblious to you

because you have used the numbers so many times. In some of the

fundamental operations'We do not get tile next counting number by

operations using only the number 1; e.g., 3 1 = 3, 3 - 1 = 2.

In one case we do nst even'get a counting number: Observe what

happens when we use the operation of subtraction: 1 - 1 =

Zero is not a counting number.

In multiplication if we wish to obtain a different numeral_

for a number, we can multiply by-a /se cted'for: of the special

number 1. In this- wiy we may.get a different:- ral, but it

represents the same numb6-.. You may recall the in rewriting
8 2 27as-7 , you were simply multiplying 4 by Of course, is our

special number*I. Multiply 7 by 7 and get ; multiply

5
2

and
8

by 7 d get 75 . These example6 of multiplying by the

number 1 in selected forms . , and . This means that the new

_.'fractions are different in form from the original ones but they
5 .

still represent the same number. The special number one when

.Lused as a multiplier makes the product identical with the multi-

plidand. Because the product of any counting number and one is

th called the

"identity element" for multiplication.

. Since division is the inverse operation of multiplication,

is the number one also special in division? What happens if we '

1 --
------71-1-rodr--arrr--vertntt-4.ng-nturiber by one? We do obtain-the same count-

_ ing number. But if we divide 1_ by a countiriF number we do not

get'tbe counting number: For this reason we cannot say that the

-number one is the identity element for division. A counting

number multiplied by 1 is the same number as I multiplied by the

counting number but the same thing cannot be said for division.

If we let C represent any counting_44mber we can express these

multiplication and division operations using the number 1 inthe

following ways.

C 1 = 1 C;

C 1 = C
C = 1 j
14C),(Cif C741.

[sbc. 2-7]
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-We have leaimed to use 102 to mean 10 -10; 103 to mean .

10 10 10; 10
6

to mean.10 10 10 10. 10 10. The "2,"

,"3," "6" are called exponents. Thq exponents are small, but the

numbers represented by 10
2

, 10
3

and 106 are very large. If we

use` 1 in place of 10 this is not true. For'12 = 1 1;

1. = 1 1 .1;
6 11 1 1 1 1 1 and these'ai'e still the

number 1.' In fact 1 or 1
200

or 1
3056

is still 1
A

, When we say 12 or 1200 is really only 1, we are just giving

different names to thesame thing. It is true that the number

represented by each of these expressions is 1. Can you think of

dtber such combinations of symbols which represent 1? What

number is represented-by 5 - 4i X - IX?

Our discussion of the-number.one may be eUmmarized briefly
4

in the niathe tical sentences below. Can you translate them into

words? The 1 tter 'C here represents any countini5 number.

a. C = 1 or (1 + 1) or(1 + 1 + ..: etc.

b. 1 C = C

c. C='1= d
d. C C = 1

et 1C ='"1

Exercises Ez/
^

1. From the following symbols, select

number 1:

a. I e . 1 + 0 i.

.21

b. 7 f: 1 2 j.

6
C. 5 - 4 g. 7 k.

4
U. -1 T- 0 h. 1.

2. Copy and fill in the blanks:

those

1

1 '

200

that

0

/

represent
a

1
m. 2+ T

n. 1 . 100

8 - l

he

200

1
10

c" 1 2 - 5
2 - 1

p.
1

. a. 100 1 = d. 1
27 1 =

b. 10 1 . 1 1 - e. 01 1 :

14
'cl T = f. 1 . 0 =

(sec. 2-7) 5,-3
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3. C you get any-counting number by the repeated addition or

subtraction of l_to or from any other counting'number?

Give an example to support your conc7:usion.
1.

4. -Asr,the above process can yOu.get a number that csnot a

count g numuer?' Give an example to support your jonClusign.--

5. Rober aid, "The counting numbers are not Closed undepthe

subtraction of ones but they are closed-under the addition

of ones-.
41 Show by an example What Robert'meant.

Am..6'
Perform the indicated operations:

'a. (4 - 3) )676429 e. 3479 1110IP)

b. 1)976536
6

f. 97 x (if x is 1)

. \

c. 897638 (5 - 4) g. 17 (489 ÷ 489)

d. 896758 4 h. 4 15± 14 4

i
2-3. Tne Number Zero.

Arithmetic operations involving the number zero are a

frequent source of' confusion, even for many adults. The object,

of this section is to clarify this situation.
-

Another special number is zero. Occasionally you

it called by otherrnames,such as "naught." When you answer a

telephone a voice mayPsay, "Is this 'one eight oh three'?" Of

course, tne caller is not,referring to the letter "o," and'all

of us understand that he means "one eight zero three. "'

Althou h,zero is not included in the counting numbers, it

is cOside as one of the whole s. Mpst of time we

use it ac ruing to:'rules of thecounti &numbers, and in a, sense

-it is used to count. If you h r 1 your money from the

1

bank, you can express your ba k...14lance with this special number

zero. IP you have answered no questions correctly, your test

'Score may be zero. If tnere are-no chalkboardlrasers in the

classroom, the number df.erasers may be expreded by:zero.. In '

all these cases, no money in the bank, no correctly answered....

quest!ons'and no erasers, the zero-indtcated that there are:nbl

objects or elements in. the, set of objects being discussed. If

there are nd elements in
iv
the set we call it an empty set. .

4

1
(sec. 2 -8] r
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The numbeg ter.O is the' numbety-ot element min t empty set'.

I

someTerso say that zero me
AO

Other gay-it mean$ "nothing" beeallseOtte;

s 'not any."

is nothing in the

set. Asp wq. shall see, thse arer'ither confused and limited .

coliceptsif-gero.: 7

,On 49 very.coad'morning Aul was asked the temfoeratu re.
*4

'Alter looking at the thermometer he replled, "zero." Did he .

' m an there was "'not any,'"? D.id he mean "nothing"? No,The.meant

' t top of the mercur was at a ue!ific point on the scale

cal].0 zero' - Fred-had am 'altimeter in his car go he could check 4

4the altitude as the rove ountaine,. On one
46

40Loatit trip they dAdVe to the S4 On On the way. dotrn

-/-Fred exciaime&,--11op4 the aititude'is zer9:" When the altimetei

Indicates zero:it does-not mean there is "noehiqz," it means we

ale at a 4peCific altitude wnich is cal]* zero. It is just as ,"

tpeCifie, and real.--.14 an altitud,9 of :999 feet.
,

We no eed.tkat the sum bf a counting num %wand one is

111ways then larger. counting.numbe. The s a counting

numberand zero is alwIye the original counting number.' For

example, ).',..4- 0 .7. We might expres this e.C.t dn syMfools ,

'.i' ,4
:C +.0 = C where isa.ny counting number. 0rwty,,,mig,ht express

the fact by .that zero as the . "identity element" for
.

/ . 0 , )
addition. -

`...... . .

41 *The difference between- the same two -natural numbers'is'the

ial number zero." for eXaMple,'4 -.4 .* Dad'you notice

nthis subtraction operation
T

nBt get a counting .

numbe ,To put thedea in more elegant language/ We would say

that' .aet of countirig*riUmbars is not closed under subtraction.
. . .. .

-:.

Let us\Igok at the special nUmbev zero under the operation
... ,-, , s.,

milltipiTcatAon: What could,-3. 0 mean?, We might think-Of the
4._ .

be4 of'dhaips_in gyooms if each room contains zero chairs.

"ThuO, any number of rooms containing zerbc16iis iroun haVe a

total of zero chairs. We might,express this idea in sYmbblis by
\ writing O 0 = 0, where. C. isAttly covOtting number.

. , .
r .

0 ,

Or 4111PF
/ , kec'. 2-8] 55
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The product 0 3 is even more difficult to explain. -But We

.do know
.

by the commutative property for'muAtiplication that -r. , .
3. 0 =.0 3. Wehave seen that 4 0 7 b. Therefore, We lips APP

_have 0 3 = 0 as we wish Ire commutative property for multipli- p

cation to` be true for all whole numbers. If a represents any

whole number, }we may e4pess this by wrling e 0.= 0'.,a-=461.,
4

If a is zero we must have 0 0 = 0.

There is a very important,principlek expressed in the abo* I

se

symbols, bute May not be seen at the first glance. Did,you:

9 observe that if4Ohe product 'of two or more whole numbers is zero,

thenone of the umbers must be zero? 'For'exampler 4 5 .joi = 0'.
.,.. -4

N."---
4111W1 mathematics yot will use this fact freqUently

-

Let US see if zero follows the rules for division of count-

ing bers. A

CZIS1 What Could ?eraidivided by 3 mean?
4

imIf we hav:a"rooM With

'zerq chairs and divi)e tne room into t. ee parts, it could pearl

the number of chairs in eachrpart of the room. With this meaning,.
0

0 4 3 should be 0. If-3T5 then 0x 5 should be zero,-by the

inverse operation- 'Does this .agree with the defihition4of :

. ',4'!multiplication by-zpro? .

1

.
.

Ocdasionaily studehtsforget that the divition of zero by a

counting number is always zero and never a counting number. li'o'n

0 '40example,74 0, 7 r.7; - 4

\

If
7
1 = 0, -what is i'? Is a counting number?7 Let us'

...
r ,.

N ,assume tligt Or is equal to some number rei
a

rebented by N .-

'
This means that 7 is equal to zero times some n

. ,

tN). s-The -product of any number by zero is zero; there-
...

ore There is no number N 'that l equal 0
e'

1
wil In_more '''

ele

gliklanguage, we may say thati is' not the me of any

nutber zero. Therefore, we cannot pe orm this

'4,4olpel,itiod'. We cannOtdivide a counting, number 12 zero.
_ .-

'ould we divide zero by zero? In symbols the question is:

"$ = ?". Or 07 .. Ili, 07 equals some number n* hen by our
.

*definition of muitiplication,'0xn = 0. ^What'numbe could

r
PIP

sec. 2-8)
.5(1
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A 4
.

4 Or

replace n ? Could n be 3? Of course, n could be any

counting cumber, or zero. Since 07 could be any whole number)
.. 0 -

., .
...

the eribol -0- has too many Menings.. Therefore, we should

remember t114t we cannot divide 'ither-!a. countin number o;' ,zero
0. , '. ,

ty zero.
r

,,*:'
. ,,..

. . .

. ,Miry summarized t-ie operations with the special number zero
b. N

An these symbols. State them in, words 4f u and w represent
, ,

Ay whale numbers and ! C 'repreaents anycounting number.

a. w + 0'=w'

b. 0 + w w

C. W = W
4,

d, 0 w =6
e. w 0= 0

//

'f. I'--u w = Q, then either u or w is
zerp or both at.e zero.

g. 0 C'= 0 .

h. C 0 has no meaning.

laxefci'sai 2-8

1. Select the. symbols that represent iero:

II °

p. 0

c.

d.
0

e.

7 7,

a
. 17

0 + 0

1

100 - 100'

0 4

f.

g.

h.

k.

0 .

" 77)
4 '- 4o.

2
-..-

P. 1777-ff

1 1

r. 14. .25

p. 12 6

t. 0

u: 2 .(4 1-).6 +0)

.t V. (2 4) -4:0

w.,
.

26

*' 9 12

[sec. 2-8.15 7.
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2. Perform the indicated operations, ilapossible:

a. 376 : 49 m.,,, $397
'N
.16 + (4 -.3), .

b. 678 946 n. $897.40 ÷ (32-3)
.

c. 8984 + 62 p. .(480 + 24)\-i- 20

d. 9484 4- 62

, P 4,1846 + (1 +-4) :
...,

e. 87 x $.419.98

n
f. 69 x $876.49 1 q. 4p7.97 x .4- x 0

g'. $989..26(2 -14).....,
li r. 49 . 0 . 47 97

h. 1 x 1846:25
s. $91.86 x o x o

.

i. 5 x $14.13

j. 679 14

k. 379(146.8 - 145.8).'

1. (34.6 - 33.6) x 897

3. Can'you find an error in any of the following s9itements2

a and b are whole ntmbe ?s. --11" -
0_ .

P..

4..

Y.

1_.±_g(9 - 91 3.T.--1

.976 1
6

112 x $97.46

4 0 = 0

0 4= 0
2 1 = 2

1 2 . 2

.

e. If tk b = 0, a or =0
f.. If a b= L, a or b -= 1

g. If a

h. If .2s.

b = 2,

b = 3,

a or b.= 2

al or b - 3

_A. ,If a ix = C, a or b ... C

ft"

2-9 J 'Summary.

The Att of numerals (1, 2, 3, 4, 5; ...As the set o'f .

symboli for the counting numbers'.

: The Set of numerals (0, 1, 2,,3, 4, 5, the set of

symbols for the whole numbers.

3. Ttle commutative property for addition:. a + b = b + a,

ere a and b Apresent any whole numbers.

V'. The Commutative property for multiplication: a

where a and b: represent any whole numbers.

58
[see. 2 -9)
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5. The associative property for addition:

a + (b + c) = (+ b) + c where a, b, c .represent any

whole numbers.

'6. The associative property for multi ication:

a (b -'c) = (a' b) c where ao b, c represent any

Whole numbers.

7. The distributive prOperty: a:- (b Vic)` (a b) + (a
.

4 an (b + c) a = (b a) p (c i4
-where a, b, c are any whole ntia'a.s.

8. New symbols: (set of elements);Ii 5 is greaterthan;

< 'is less tilam; / is.not equal to.

9. Set and closure. A set is closed under an Operation if the

combination or any two eleinents of the set gives an element

of the set. The set of counting numbers, is closed under.
*

ddition and multiplication Cut not under division or

subtraction.
Si

.
10. Inverse owrationt. S4btractiqn is the inverse-of addition,

but subtraction is not always possible:in the seta whole

numbers. Division is th inverse of matipliCalbm4 but ;

division is-not ( 4ways Posdibae.inthe.set of whole numbers;

that is, division o e whole number by another whole

number does t a s yield awhole number.

11. The number line and betweenness. Each whole number is

associated with a lbint on the number line; There is not

always a whol ber between two whole numbers.

12. 'Special numbers: 0 and 1 Zero .is the identity for

addition; 1 is the identity for multiplication; multipli-

cation-by 0 does not have an inverse; division by 0 is not

possible.

*

,

(sec,, 2-9}af)
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EXercises 1-3.

1. "(a) 13
seve'n -

(E) 24
seven

(c) 116
seven

:

,.....

NSWEliSf-CHAPTER 1

X X X

X X X

x '

3. (a x seven) (3 x one) = 24

a(b) (4 x seven) (5 x one) =.33

(c), (1 x seven x seven) = 49

(O. (5 x seven_x seven) + (2 x seven) + (4 x one) ='263

(a) 10
seven

(d) 163
seven

4.

,(b)

(c)

45. (a)

(b)

(c:)

"seven.
(e) 3-600Seven

5seven - 1010
seven

560
seven The 6 means 6 sevens

56seven The-6meaps 6,ones

605seven The 6 means 6(seven x seven)'s or
6(forty-nine)'s

(d)
6650seven.

Tne 6 means 6(seven x seven x seven)'s
or (three hundred forty-three)'s

,

,6. seven or seven to the fourth power

1

6U
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?T. The product of 9 sevens or (79).

'8. -I3seven

%. 9. 452seven

10.
1.20-al

i
4,

l . Neither. They are equal,:

12. They.useseven symbols and seem to have a plice value

system with base seven. They appear to use 1 , L ,,

A , 0, S, N, for'1, 2, 3, 4, 5, .6 and for,

zero. Z Z follows LI .

Exercises 1-4a.

1. (a) 11 . (b) 17

3. (a)- Xes

(b) By readinCeach result from the table and noting

results.

(c) Chart is symMetric with respect to the diagonal.

(d) 55 different cdvlbinaaons; just "a bltover half

the total numbei* of coAinations. #

4..
+ 0 1 2..* 3 6

p
-

1 2 3 4 5 6
&

1 1 2 3 u 5 6 1.0

2 2 3 4. 5 6 ' 10 al

3 3 4 6 10 11 12

4. 4 5 , 6 10 11 12 13

5 5 6 19- 11 ,12 13 114

6 6 10 11 12 13 14 35

Exercises 1-4b.

(c )1.
(a) 56seven

I (19 + 22 7 41),

(t) 110seven _(d)

(41 + 15 = 56)

t

28 different combin-
nations. Fewer than
49 because of the 4
commutative laqgtof
addition.

(bAkin base be-
cause the are
fewer.

(c) They, are equal
since-9 = 12

seven

seven
(109 + 38.= 1.47)
620

sever
7

(91 217 21.' 308)



a,

56

(e) 241seven (1). 6441seven
(33 + 94 = 127) (2160 + 123=-2283)

*1266seven (i) 1644sevea

(199 4- 290 =,489) (327 342 = 669)

(g) (k) 14, 654.1553seven
(327 + 299 = 626) ;-- (1917 + 2189 = 4106)

(h) 14562seven /
(2189 t 1873 = 4062)

2. (a) 2
seven

*(b) 4
seven

3. (a) 2
seven

(g)
203 seven

(7 5 = 2

.(b) 36
seven (h)

(47 - 20 = 27)

163seven

:(98 - 4 . 24)

td) 151seven

(91 - 6 = 85)

(e) 6seVen

(c) 4'
seven

(247 - 146 - 101)

4°6
seven

(1715 - 1513 202)

(i) 552seven/

(319 37 = 282)

(J) 36seven

(32. - 26 = 6)
(k)

(f) 966seven

(323.- 72 - 251) Me

x x

wo
X x

o

4 (a) xxxx
X x x.x x

(74 - 47 27)

1254seven

(1264 - 781 480)

-54seven

(136 7 97 = 39)

6 "2

O
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Multiplication, Base Ten

x 0 1 2 3 4 5 6 7 8'

0 0 0 -0 0 0 d 0 0 0

1 0 2 3 4 5 6 7 8 9

2 0 2 6 8- 10 12 14 16 18

3 0 3 6 J.2 15 18 21 24 27

4 0 4 8' 12 1. 20 24 28 32 . 36

5 -N4k.___ 5 10 ,15 20 30 35- 40 45

6 0 6' 12 18 24 30' . 42 48 54

7 0 7 14 21 28-- 35 42 ' 56 -63

80 0 8 16 24. 32 40 48 56 ; 72

9 0 - 9 18 27 36 45 54 63 72' :

Exercises 1-1_41
.

1. Study of this table should emphasize the following;

(a) The product of 0 and any number is zero.

The produce of and-any number is the number

itself.

57

-7_

2. The order in multiplication does not affectAthe product:

This is indicated by the fact that the parts of the *

table on oppoalte sides of tne diagonal line are alike.

3. Multiplication, Base Zeven

X 0 1 2 3 4 a
.

0 0 0 0 0 0 0

1 0, 1 2 3 4 5, 6

2 0 2 4 6 11 13 15

,' 3 0 .. 3 6 12 15 21 24

*
4 0 4

.
11 15 22 26 33 4

5
I

0 5 13

.

21 26 34 42

6 0 6 15 24 33 42 5i

63
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58

Study of this table is nvaluabli for the ;Siaitiona/N

insight it affords into the understanding of

cation. There is no value in memorising it. -The table

may, be used to emphaq!e that division is the-inverse

of multiplication.

Exercises 1-4d.

1.

2.

(a445seYen

(c). 111 %even

(e) 34 6seven

(g)

(1)

(a)

"(c)

9 (d)

Exercises lafi.

1

106,533
seven

125,150
--seven

5seven

421
seven with

123
even with

s

P)) 222seven

(d) 3325aeven

(f) 443,
115seven

(h) 5,511
'426seven

(j) 1,66Q,101seveil

(b) 62seven

a remainder, of
2severi'.

a remainder
9f 12seven.'

(a) 50teh (1 x'seven2) + (0 x_seven) + (1,x one)

1?1siven

(b)
145ten (2 x'seveh2) + (6 x Seven) + (5 x one)

265seven

(6)7 1024ten . (2 x seven3 ) + (6 x seven2)

+ (6 x Seven) + (2 ')$ one)

2. (a)" 15
seven

. (b) 51
seven

(c) 62
seven

1

e

(dr 104
seven.

(e 4318even

(f) 3564
sevep,

2662seven

s.



Exercises 1-

x

(aT ,5 groups of tree and 1 left over.

(b) No: Oni,y the digits "04, "1", and "2" are used

in the base tree system. "5" is not one of these.

(c) (1 :group 'es3) + T2,groups of three)

+ (1 left over)..

(d) 16ten
121three

11-
' ten

3..

(d)'

Base Ten 0 1 2 3 4 5 6 7 8 9 10
Base Five 0 1 2 3 -10 11 12 13 r 3 20

Base Ten 11 12 13 14 16 17 18 19 ?0
Base Five Q1 22 23

f15
24 ,30 31 32 33 34' 40

100 101 102 103'

. (a) two (b) two (c) two

5. (a) (2 x 36) + (4 x 6) + (5 x 1) 101

(b) (4 x 25) + (1 x 5) + 2 x l)4. 107

,P(c) (1 x'27) + (0 5o9) + (0 x 3) + (2 x 1) .29

-(d) (1 x 64) + (0 x 16) + (2 x 4) + (1 x 1) if 73
'41

Other answers are acceptable,-i.e., (2 x 62) + (4..%

+(5 x 1).
-

6. Base Ten' Base Six Base Five Base Four Base Three

6 5

(a) 11 15

(b) 15 623

(c) 28 44

(d) 16 10Q

SI

21 23 102

30 33 120

103 130 1001

121 . 10 1100



e.

a

60

Exercises 1.71.

1.

Bas 'ten 0 1 2 lomm 6 IIIII 8 1111111112111

Base two 0 1 10 11 100 '101 110 111 1000 1001 1010

11 12 -13 14 15 16 17 18 19 20

1011 1100 1101 1110 1111 10000 10001 10010 10011 10100

21 22 23 24 25 26 27 28 29

-10101 10110 10111, 11000_ 11001 11010 11011 11100 11101

30 31 32 33
11119 11111 100000, 100001

2 Addition, Base two

+ 0 1

o 1

-1 1 10

There are only four

additioh "facts."

3. Multiplication, Base Two

x 0 , 1

0* 0 . , 0
.

1 -0 1

V

There are only four multi-

plication "facts." The two

tables are not alike, except,

that 0 + 0 and 0 x 0 both

equal O.

The binary system is very simple because there are only

four addition and four multiplication "facts" to

"rerrterter. Computation is-simple. ,Writing large numbers,

however, is tedious.

4. (a) 111two = (1 x two2) +'(1 x two)' + (1 x one) = 7

(b) 1000two =41-x two3) + (0 x two2) + (0 x two)

+ (0 x one) = (1 x 23).= 8

'(c) loaoltita = (1 x two14)+ (0 x two3) 4- (1 x two2)

+ (0 x two) + (1 x one)

= (J,x 24) (1 x 22)-.+ (1 x 1) = 21

(d) 11000two = (1 x two4) + 41 x twos) + (0 )( two2)

+ (0'x two) + (0 x one)

= (1 x 2
4
) + (1 x 2

3
) = 24



(e) 10100two = (1 x two4) + (0 x two3) + 1. x two2)'

+ (0 x two) +.(0 x One)

= (1 x 24) + (1 x 22)'.= 20:

5. (a) 111two (c) 110000two

(b). 1011two (d) 110110two

6. (a) 10two (c) 111two

(b) lltwo (d) lltwo

7. (a) 100011two

(b) 10000000
two

(c) ilootwo

(a) yloolootwo

Answers---Chapter 2

Exercises 2 -2a.

'1. Parts a, c, d, f, h,

Parts b, 'e, g, j, k,

2. (a) 644 (b) 110,596

3. (a) 7 + 4 ... 4 + 7

(b) "12 5 > 5 11

(c) 23 12 < f; 32

(d) 3 < 6

(e) 16* 9 > 3

Lt.._ (a) 2052 (b) 25,620

5. la) 5

(b) 5

(c) 0 . 4./

.(d) .0, 1

i, m are true

1, are false

(c) 155,752 (d) 1055even

.

(r)

(g)

(h)

(1)

(3 .2) 4- 5 5 + (3

8 - 3 .< 9 - 3

86 135 86

24 =3 3 =24

(j) a >

(c) .289,884 (d) 11358even

(e) 14-6

(f) Q, 1, 3, -.4,

(g) 0, 1, 2, 3, 4.

.(h) any whole number

Exercises 2-2b.

1. Result is unchanged in parts a, b, c.

Result is changed in parts d, e, f, g, h, 11.°,

2. No.

The activities are commutative in .arts a, cite. 1'771

, , 67 _/

61
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Yes.
410

' 5.: The operation in part d is commutative: (The'

aerations- in parts a, b, c are commutative only if

et the first number in each is equal to the second.)

6. Examples of commutative activities.

To wash your face and wash youT hair.

To go north one block and then west one block.

To-count.to 100 and write the alphabet.

Examples of activities which are not commutative.

Exercise 2-3.

(d)

(e)

(f)

To put out the cat and go to bed.

To eat dinner andget up frog the table.

To rake the leaves and burn them.

(4 + 7) + 2 =4
(4.4- 7) + 2 = 11

'4 + (7 + 2) 4

8 + (6 + 3) ='(8

'8 + (6 + 3) = 8

. (8 + 6) + 3 = 14

46 +.(73 + =

+ (7 + 2) Associative property

+ 2 = 13
bf gddition

+ 9 . 13

+ 6) + 3 Associative property

+ 9 = 17
of addition

+ 3 = 17

(46 + 73) +

46 + (73.+ 98) = 46 + 171 = 217

(46 + 73) + 98 = 119 + 98 = 217

Associative
property of
'addition

-(6 5)

5)

6 (5

9

9

9)

=

=

=

6 (5 9)1, A6;Ociative property

30 9 =270
of murtiflication

6 j11..-= 270

(21 + 5) + 4 = 21 + + 4fAssociative ptoperty.

)(21+ 5) + h = 26 + 4 = 30
of addition

21+ (5 + 4) = 21 + 9 = 30

(9 7) 8 = 9 (7 8) Associative property

(9": 7) 8, =63 504
of murtipl,ication

9 (7 8) = 9 56 . 504

6
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I.,
1.,

.

,-;,

(g),,- "436 + 476 + i)s g-- (436 + 476) + 1.. .Assoc ve

.436 + (476 .+ i.) .= 1136 +..4477 = ,913 pro of
addition

036 + 476f) +1 ;912 + 1 = 913 *' - ...

t

(h) '-(57 80,) 75 =,57.': (80 751. Associative

(57 . 8) 75 = (4560). ' 75 = 342,000 Property -of"
multiplication

, 57 (80 75) = 57 6000 = 342,000.

463'

r

2. (a) 'No.\

(b) 'No. .

(6) TheiT la no associative prOpeTtsubtractidn,
4A

or the associative property of subtraction does

"not hold.. t,

/
3. ..(a) No. (e) ios- (20.-+ 2) = 8

b() "No..No_ (fyito - 20) + 2 = 2

.(c)
v

CA + t5) 4- 5 = 116, (61 Thea6sociatite property
,

'(d) 75 + ( 5 + 5) = 25 ':' does not. hold for division-4

4

Exercises 2
.

1 (a) 6

4

30

1 4
4

= 30 20 = 50
.

,T 21 +18 = 45

= 72 +.84, = 156

I 7
84

13- 117
.

s A`

= 117+ 153 =1160

17 153.

AA

/

'
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(e)

V

t.

4

,--() .
12

42 ( .-..i
= (4A + 42)'+ (3,2-r,28) -

t = 90 -Fw60

. - 150

cf

20 20

10 200

ti

8o
, .= (200 + 80) + (70 IP 28 ).

70 = 280 + 98
F 378:

(a) 4 12 . 48
28 + 2Q 48'

(.11 30 + 18= 48
6 8-3-_-.48

(g) 2 24 = 48
32 + Vihr=

. .

4,
(14

(c)

18 + 24*41.42
6 ' 7 = 42

48 + 42 . 90
'35 6-.:1/90

td) 23 5 --115
46 + 69.= '115

e

(e) 13. 7 = 77
+ 44 . 77

(0 3 ( + 3) - (3

(b) 2 (4 +5).= (2
(c) 13 (6 + 4) T, (13
(d) (2 7) + (3

(p). (60 4)'+ (L 4)
,=

111 .

(h) 3. 5 1 =

6o + 3 -63

(1) 3216 +-3484 = 6700
67' doo a 6700

(j) 36 +.36= 72
72 1 72

4) + (3 3)

4) + (2 5)
6) + (13 .)

(2 +.3) 7

(6^+ 7) 4

11



4, (a). 9

(b) (8

4 (c ). (1

5. (a) (5

(ID) (3

(c) (5

(d)

-

-

(8 + 2):

. 14) + (8

5) + ('12

7) + <

4) + (3 .*5).'..3

. 11.) + (5

-.40 + (3

z (41) (13' 6)

17) (e) (15 6)

7). (f) 12 --(5

8) = 5, '(7

(4 +

2) = 5 (11 +, 2)
.

17) = 3 (9 +,17)

+ (27

+ (15

6)

13)

#,'
(e) . 20) + .(5,23) = 5 . (20 + 23)

(f) (3 10) + (3 7) = 3 (10 + 7)

6. The :following parts are true: b, c, d.
.The following parts are false: 'a, e.

Exercises -

#

1. The operations in the following parts have inverses:

b; c,. d,-e, f, h; j, 1, o.

t.

(a) Put down the pencil'.

(b) ,Take off yOur hat.

(c). Get out of a ear.

(d) ,WithdraW your-hand.

(e)
.

'Tear(f) down.,

(h) _Step baCkward..

(j). Subtraction.

(o) Putting on a tire:

1.

J

31 (a) --)447]. .(f) $1342.67 (k) 33

(b) $507.10 (g) 876 (1)' 1476

(b) 506 ft. (h) 984' 1 (m) 68
%

(d) $1412.78 (i) 798 (n) 143'

(j) .697 (p). .581.-40/

It I
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(a') 5 AA%

(b) 5
(o).

(c) 1 (01. 5

7 (4) 9
(e) No 4e. (r)

(f) 0 (s) 6

(g) 8 (t)
(h) (v) 0

.(1.) 3

-,(j): 3

4 (VY. 0"
'60 b'

( k-None - (x.) 1
,.

.(1) 07. (Y) 1

(m) Any whole number (z) , 1

5. (a) 19 . (,e) 165821

. (b) 1992 4 l'(f. ) .13
(c) 89 -4 (g).; 6

-...b) 19,219 _ (h) 20'

Extmises 2-6.

(a) .rft-,-

%e:4 1

(c)

a

. (f) 2
(g) ,Vone

.,(h). 88

1

.44

,
(d) '7 (i) (3).is .nswer. The answer.
(e) - None. could Sewrittdn as either

.

a - (b + 11 or Ta b') - 1

_ or a. -, 1 - b .

-

.

.2. (a) 10 }(e)' 18
...

(b) 11 (f), 22

(c) 2t- (g) 16

(d) 30 ; (h) 9. ,

a C

a . Ai
_Either of thetwo sj.tuation's is possible. The diagrams

indicate that b is between c and d regardless of

whether c < d or d <c.

r-\



Exercises iLa.

-. t- add.

We' can get any counting number by 'the repeated"Sub-

fl/

°

1:'

2.

P

The symbols in-the following parts represent the'

number 1;
.

(a), (b* (rd), Ck), (1)-: ('rn)-0 (C),

. 2
'(a) 100 1 = 100 . (d), 1..

2
1= 17,

(b) ip 1. 1 1 1 10 (e)' 0;*; 1 = 0

4
(c)

1
= 14 , (0'41 0 = 0

1

(P).

3. We can get any Counting number by the repeatd,addition4.

40 5/1 to another counting number g the number' we with

to get is larger than the counting number to whicn we

traction. ofl ifom another countlng. umber i thed'.

44 number we witi to get is' smaller than the counting
.

number from whicn we sqtract. ."
. . .

A
2Y. Yes. L 1 = 0; 3 - 1.- 1 1 =' 0, Zero 4s not' a

/

'e

counting number.

4 5. The successive addition oZ l's:to.any cOuntipg numbelf

will give ,a coding number., 'But; the successive

subtraction of l's from ditty countivi number will become

4 ' 0 if tarried far enough. .

..-

.r_61, -faIJ 67¢429!, to) .897638 , (e) 23479 (g) 1

. --,tx-_-.- ,
, (b) 976538 (d) '896758 -(1:1- `97 4Ti. 1

i , ,
Exercises 2-98. .

.

'4'

1. The 'siymbods in-the 'following parts epresent ro:
. ,

4 .

rti) 0 ( )0(b)) (d), (f), (h), (1)0,'(J)0 (40 (
\

(o),(q),(s) .. : ,

'7

00

`WM

ti



2. -(4) 184211 (1) 497
t / \

,(b) 641388, .0.17--;$397.16
, -- .

.
1

(c) 144, remainder 56 (n) Division by zero not
.

,possible

(a) 152, remainder 60 (0-1
1

(e) $3'65118.26 ,

(f) 4664177:81
. .

.(g) 0

(h) 4846.25

3.

4

(i) $70.6.5

j) 679 -

(10 379 1

(p) $1846,

(q) 0
.

-.,.

: (r) 0
.-

,

(s) 0 , --:

(9 Q .

., (4)' 976

.' (1,)' $97.6

The-error is in
,

the generalization 6 :v in part U).

If a b'= C.,. a or b, does not need `to 114" c.

Example: 2 2 = 4. This exercise shpws,te error.

/4

v

that may be made by makinia,generalization
-

. 4on a few cases._ I

6

4

A

r

i


